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1. Introduction 

One of the most striking features of gauge theories is the emergence of space- 
time geometry through the holographic principle. The most celebrated example 
of such phenomenon is the AdS/CFT correspondence [H El E], according to 
which the maximally supersymmctric four-dimensional gauge theory (CFT) is 
equivalent to a theory of quantum gravity (type IIB superstring theory) on a 
space with negative cosmological constant in five dimensions, called Anti-de 
Sitter space (AdS). In this context, the energy scale in the Conformal Field 
Theory provides the holographic direction, related to the radial direction of 
AdS [Ij. The AdS/CFT is a strong/weak coupling duality and we can use this 
fact to explore new phenomena on both sides of the correspondence. We can 
use weakly coupled gravity in AdS to learn about the strongly coupled regime 
of gauge theories. But one can also use the weakly coupled four-dimensional 
CFT to study the stringy regime of quantum gravity in AdS. 

A complete solution of the four-dimensional CFT amounts to two steps. 
Firstly, computing the spectrum of anomalous dimensions of gauge invariant op- 
erators, which is equivalent to solving for the gauge theory two point-functions. 
Anomalous dimensions are pivotal quantities in a quantum field theory. In the 
theory of strong interactions, they determine the parton distribution functions. 
The second step in solving the CFT is computing the structure functions, which 
are encoded in the three-point functions of the gauge invariant field theory op- 
erators. We are on the right track to achieve the solution to the first problem: 
a conjecture has been made for the full spectrum at any value of the coupling, 
in the planar limit [5^ . The second problem has received much less attention so 
far. The aim of this review is to provide the technical tools required to study 
spectrum and correlation functions of the AdS/CFT system at strong coupling. 
We hope that future developments, along these lines, allow eventually to solve 
the problem at any coupling and in the full non-planar theory. 

Spectrum 

An impressive amount of progress has been achieved on the field theory side of 
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the correspondence at weak gauge coupling, in particular regarding the study 
of the spectrum of anomalous dimensions of local gauge invariant CFT opera- 
tors. The gauge theory contains half-BPS operators, whose classical conformal 
dimension is not renormalized. Most operators however are not protected: their 
classical scaling dimension receives quantum corrections. While at weak cou- 
pling the anomalous dimensions have been studied since the beginning of quan- 
tum field theory, the strong coupling regime is typically very hard to tackle. 

Spinning strings 

By means of the AdS/CFT duality, we can learn about the strong coupling 
regime by studying a weakly coupled string theory dual. The first study of non- 
protected operators at strong coupling was performed for gauge theory operators 
with very large R-charge, dual to point-like strings rotating fast around the five 
sphere, the so called BMN sector [B]. The classical string configuration dual to 
long twist-two operators was studied in [7]. Shortly after, one- loop integrability 
of the dilatation operator on the field theory side was discovered [5]. Thanks 
to the indefatigable work of many research groups, this eventually led to a 
conjecture for the solution of the anomalous dimensions of all operators, by 
means of the so-called Y-system [5 . Despite an impressive amount of work on 
the field theory side of the correspondence, it is fair to say that the string theory 
side still remains obscure. 

In order to achieve a proof of the AdS/CFT conjecture, it is necessary to 
understand superstring theory in AdS. The type IIB supergravity background 
AdSc, X is supported by a Ramond-Ramond five-form flux. Due to the pres- 
ence of such flux, one cannot use the usual Ramond-Neveu-Schwarz (RNS) de- 
scription of the superstring, but is forced to use a formalism with manifest 
target space supersymmetry, namely the Green-Schwarz (GS) formalism [S]. 
This action describes the classical worldsheet theory of superstrings propagat- 
ing in AdS background and it is an interacting two-dimensional non-linear sigma 
model, whose target space is a supercoset. 
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The worldsheet action on such supercoset is classically integrable [TU]. The 
discovery of integrability led eventually to the complete solution of the classical 
spectrum of solitonic strings moving in AdS in terms of an algebraic curve that 
encodes the conserved charges of the soliton ^11,. 

The quantization of the two-dimensional worldsheet theory has been achieved 
in the sector of semi-classical strings, corresponding to gauge theory operators 
with very large quantum numbers. This sector can be studied using the GS 
formalism. Expanding around a solitonic solution of the sigma-model equations 
of motion, quantization can be achieved in the light-cone gauge. In this way, 
the spinning strings |T5], dual to twist-two operators, and the BMN sector [B] 
have been quantized. The algebraic curve, that encodes the classical spectrum 
of strings in AdS, can be quantized semi-classically around such solitonic sec- 
tors, providing a handle on the quantum properties of strings with very large 
quantum numbers 13j. The AdS/CFT correspondence has been tested in this 
sector to great extent, thanks to the Asymptotic Bethe Ansatz techniques 

Perturbative strings 

The light-cone gauge for the GS formalism is hard to fix for short strings. This is 
the sector of perturbative strings with small quantimi numbers, corresponding 
to short operators on the CFT side. It is the curved space analogue of the 
discrete tower of massive string states in flat space. The prototype example of 
such operators in M — A super Yang-Mills is the Konishi operator, that belongs 
to a long super- multiplet. If we want to study the quantization of the worldsheet 
sigma model in this sector, it is convenient to use the pure spinor formalism for 
the superstring instead |15j . The purpose of this review is to introduce in a 
pedagogical way the basic tools to achieve such a quantizationj^ 

^The authors of I16| and |13| recently extrapolated the spectrum of semi-classical strings 
all the way to the limit of strings with small quantum numbers, obtaining the same results as 
using the pure spinor formalism |17| and integrability 1181 . It is not clear how to generalize 
this approach beyond the first quantum correction. 
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The pure spinor sigma-model is an interacting two-dimensional conformal 
field theory, that can be quantized perturbatively in a covariant way, by means 
of the standard background field method. The worldsheet metric is in the con- 
formal gauge, which avoids the issues with the light-cone gauge. The fermionic 
kappa-symmetry of the Green-Schwarz action is replaced in the pure spinor 
formalism by a BRST symmetry, whose ghosts are target space pure spinors. 
Hence, the subtleties related to the gauge fixing of kappa-symmetry are absent 
in the pure spinor formalism. Hence, one can easily prove conformal invariance, 
vanishing of the central charge and consistency of the action (i.e. absence of 
gauge or BRST anomalies) at the loop level [T^linillll- One can show that the 
AdS/CFT dictionary between the radius of AdS and the gauge theory 't Hooft 
coupling is not renormalized at strong coupling |20| . 

The spectrum of short strings propagating in AdS can be studied using the 
usual technology of worldsheet vertex operators. The physical string states 
are primary vertex operators in the cohomology of the BRST charge. The 
massless closed string vertex operators describe type IIB supergravity in the 
AdS5 X background and are dual to the BPS sector of TV = 4 SYM. The vertex 
operators corresponding to massive string states are dual to long supcrmultiplets 
on the gauge theory side. The perturbative string spectrum can be conveniently 
studied by expanding the sigma model around classical configurations with small 
quantum numbers. 

At the classical level, the pure spinor action is integrable [351 [53] j just as the 
GS action is [W. In the pure spinor formalism, one can use the standard tech- 
niques of conformal field theory, combined with the power of BRST symmetry, 
to prove that integrability of the classical action persists quantum mechanically 
at all loops in the quantum theory. One can then construct a monodromy ma- 
trix and study its quantum properties and the associated Yang-Baxter equation 

m- 

Correlation functions 

After computing the string spectrum, corresponding to the two-point functions 
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of A/" = 4 SYM operators, one can go on and study the n-point correlator of 
local gauge invariant SYM operators. Correlation functions on the CFT side 
are dual to string scattering amplitudes on the AdS side, where each vertex 
operator insertion is dual to a specific gauge theory operator insertion. In order 
to compute the correlation functions at strong coupling, we need to use the string 
side of the correspondence and evaluate the string amplitude of vertex operators 
on the worldshcet. In the framework of the semi-classical GS formalism, because 
of the above mentioned difficulties, only correlation functions of very heavy 
(semi-classical) strings with light strings can been computed [25l [26l [27l [28j . In 
the pure spinor formalism, one can compute correlation functions of any kind 
of strings, in particular of light strings, corresponding to short operators on the 
gauge theory side. 

1.1. Guide to the review 

This review is self-contained and it includes all the background materials 
needed to be up and running with pure spinors in AdS. At the end of each 
Section, the reader can find a comprehensive set of references in the Guide to 
the literature. These include both the original articles where the topics in each 
Section have been first spelled out, as well as suggestions for the reader who 
wants to delve deeper into the open problems. The prerequisites are a basic 
knowledge of the worldsheet description of strings in flat space, in particular 
some familiarity with conformal field theory techniques, at the level taught in a 
first year graduate course on string theory. 

In Section |2] we introduce the pure spinor formalism for the superstring 
in the simplest case of flat ten dimensions. We start recalling the worldsheet 
variables used to describe a manifestly supersymmetric target superspace, then 
we introduce the pure spinor action and BRST charge. We explain the BRST 
cohomology equations for the massless vertex operators and mention the tree 
level scattering amplitude prescription and the subtleties related to the fact that 
the pure spinor conformal field theory describes a curved beta-gamma system. 
At the end of the Section we recall the GS and pure spinor non-linear sigma 
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models in a curved type II supergravity background and the relation between 
superspace constraints and consistency of the worldsheet theory. ln |Appendix A 
the reader can find the conventions used for the ten-dimensional gamma matrices 
and the supervielbein. [Appendix B| contains a very detailed discussion of the 
relation between the pure spinor BRST cohomology equations and the on-shell 
description of ten-dimensional SYM theory in superspace. 

In Section [3] we introduce the non-linear sigma models on supercosets. We 
first derive the curved AdS superspace geometry using the supergravity con- 
straints and then discuss the issues related to the choice of the light-cone gauge 
in the GS formalism, as a motivation to introduce the pure spinor formalism. 
After a brief introduction to supergroups and supercosets, we construct the GS 
action on a supercoset that admits a Z4 grading and prove its kappa-symmetry. 
We finally introduce the pure spinor action in AdS^ x and briefly mention 
the generalization to other interesting supercosets. In [Appendix C| the reader 
can find more details on supercosets and the structure constants of the super- 
conformal algebra. 

In Section |4] we discuss the worldsheet quantum effective action in AdS. 
We achieve quantization using the standard techniques of the background field 
method, that we explain at length in the examples of the bosonic and the RNS 
superstrings in a curved background. We then compute the one-loop quantum 
effective action for the pure spinor superstring in AdS and show that its diver- 
gent part vanishes, proving one-loop conformal invariance. This computation 
is spelled out in full details and it is a pedagogical way to learn the methods 
needed for more advanced goals. We then show that the finite renormalization 
part of the effective action can be removed with local counterterms, which im- 
plies that the AdS radius is not renormalized by a' effects. We show also that 
the one-loop Weyl central charge vanishes. Then we compute the algebra of 
OPE of the worldsheet left-invariant currents and find that it is not a chiral 
algebra, but left- and right-moving currents mix in the OPE. Finally, we extend 
the proof of conformal invariance and absence of BRST and gauge anomalies 
to all loops in the sigma model perturbation theory. In [Appendix D| we derive 
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several results pertaining this Section, that wc omitted from the main discussion 
to ease the reading. 

In Section [5j we give some examples of physical string states. We start 
with a short review of some aspects of the AdS/CFT correspondence, related to 
the spectrum of anomalous dimensions of local gauge invariant operators in the 
gauge theory. We first discuss the massless vertex operators, corresponding to 
type IIB supergravity compactified on the five-sphere and dual to the half BPS 
sector oi J\f — 4 SYM theory. As an example of a massive string state, we derive 
the energy of a vertex operator at the first massive string level, that is dual to a 
member of the Konishi multiplet, the simplest example of a long super- multiplet 
oi Af — 4: SYM. Since this operator is not protected, its anomalous dimension is 
non-vanishing. We compute the one-loop corrections to the Virasoro constraint, 
whose solution determines the string energy, which in turn gives the anomalous 
dimension. The result confirms its earlier conjectured value, obtained using 
integrability. Finally, we briefly discuss the n-point correlation functions of 
gauge invariant local operators in TV = 4 SYM, dual to the n-point function of 
vertex operators on the string worldsheet. We construct the zero mode measure 
for the worldsheet variables and show that there is a well-defined higher genus 
amplitude prescription, which computes 1/Nc corrections to the planar limit 
of the AdS/CFT system. In the course of the discussion we introduce the b 
antighost (which couples to the worldsheet Beltrami differential) in AdS, whose 
construction is significantly easier than its flat space cousin, due to the Ramond- 
Ramond flux present in the AdS background. 

In Section |6j we discuss the integrability of the pure spinor sigma model 
in AdS. After deriving the Lax representation of the worldsheet equations of 
motion, we show the interplay between BRST cohomology and higher conserved 
charges. Then we pass to the quantum theory and prove that the monodromy 
matrix is not renormalized at one-loop and that the higher charges are conserved 
at all-loops in the sigma model perturbation theory. 

There are several reviews covering general aspects of the pure spinor formal- 
ism: [291 EOl EI] have some overlap with Section [2] and [sj [32] is review of the 
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pure spinor formalism in a generic type II supergravity background, covering in 



far greater detail the topics in Section 2.2 [3 3) covers in detail string scattering 
amplitudes in flat space. 

1.2. Open problems 

The pure spinor formulation of superstrings in AdS provides the tools to 
address a number of long standing problems in the AdS / CFT correspondence. 
Some of them are: 

• Half-BPS sector: The most urgent open problem concerns the character- 
ization of the full string spectrum in AdS. There are a number of steps 
to follow along this line of research. We already know that the world- 
sheet massless vertex operators correctly describe type IIB supergravity 



on the AdS^ x background, as we explain in Section 5.2 However, we 
would like to rewrite such vertex operators in a way that allows to identify 
each single AdS supergravity field, together with their KK towers, e.g. as 
worked out in the classical paper |34j . In this way we obtain a one-to-one 
correspondence between each gauge invariant local operators in A/" = 4 
SYM theory and a single string vertex operator. For instance, we want 
to have a vertex operator that describes the gauge theory chiral primaries 
Tr ZP (where Z = (j>'^ + icf)^ and 0* are the six scalars in the Af = 4 
supermultiplet), in the same spirit as in the canonical AdS^ example |35] . 

• Massive spectrum: After understanding fully the half-BPS sector, the next 
step is to solve for the massive spectrum. One can easily generalize the 



example of the Konishi multiplet we discussed at length in Section 5.3 
to solve for the full massive spectrum in the sector of "short" strings, 
whose energy scales as -^Xt- This algorithm can be easily extended to 
higher loops in the sigma model perturbation theory, implementing the 
background field method on a computer. 

• Integrability and the spectrum: An alternative path to the solution of 
the spectral problem would make use of integrability techniques, which 
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we do not apply in Section 5^ As explained in Section [6] the pure 
spinor sigma model in AdS is integrable at all-loops and BRST invariant. 
Understanding the interplay between these two aspects will probably give 
a handle to achieve the all-loop solution of the spectral problem in an 
elegant way and, hopefully, derive the Y-system from first principles. 

Scattering amplitudes: Once we have some vertex operators at hand, we 
can stick them into a correlator and compute 71-point functions at genus g, 
which will give the 1/Nc expansion of the A/" = 4 SYM correlators at strong 
coupling. The worldsheet prescription for string scattering amplitudes is 
explained in Section |5.4[ This line of research is mostly unexplored and 
will give us new insight into the non- planar features of AdS/CFT. 

Worldsheet derivation of AdS/CFT: The open/closed string duality be- 
tween three-dimensional Chern-Simons theory and topological string the- 
ory on a Calabi-Yau manifold, proposed by Gopakumar and Vafa [36|, has 
been derived by worldsheet techniques using the hybrid formalism for the 
superstring [371 131] ■ This relies on a formulation of the worldsheet as a 
gauged linear sigma model. The pure spinor sigma model in AdS admits 
such a gauged linear sigma model reformulation, in what is believed to be 
the zero-radius limit of AdS [SHI SOI SD SI] ■ This is a very promising idea 
that may lead to the worldsheet proof of AdS/CFT correspondence using 
open/closed duality techniques. 

Deformations of AdS: There are many different examples of gauge/gravity 
duality, realized in different ten-dimensional supergravity backgrounds, 
with less than maximal supersymmetry. An obvious application of the 
pure spinor formalism in AdS is to construct a worldsheet action for such 
backgrounds. This has been already done only in the case of the beta- 
deformation of A/" = 4 SYM theory, that preserves eight supercharges |33] . 

Fermionic T-duality: An intriguing new symmetry of A/" = 4 SYM theory, 
called dual superconformal symmetry, manifests itself on the string the- 
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ory side as a new form of T-duality, called fermionic T-duality [HJ US] , 
which is a manifestation of integrabihty in disguise. Using the pure spinor 
formahsm, it is possible to study the l/^/Xt and l/N^. corrections to the 
strong-coupling, planar limit of fermionic T-duality. Worldsheet fermionic 
T-duality is applicable to any background with abelian super-isometries 
and it would be of great interest to study this symmetry in full generality. 
It has a potential of connecting different string theory backgrounds that 
were previously regarded as unrelated. 

1.3. Omitted topics 

Some of the most recent and speculative developments are not discussed in 
this review. 

I am not discussing the new kind of perturbative worldsheet duality, called 
fermionic T-duality, that has been found in the GS and pure spinor superstring 
sigma model in AdS [Ml [45]. This is the string theory manifestation of the 
dual superconformal symmetry, a intriguing property oi M = A SYM theory 
scattering amplitudes, related to integrabihty |46| . 

A second topic I omitted is the recent insight towards a proof of the AdS/CFT 
conjecture that has been obtained using the pure spinor formalism. In the AdS 
background, unlike the one in flat space, one can derive the pure spinor sigma 
model by gauge fixing a classical G/G principal chiral model [H], where G is the 
PSU{2, 2|4) isometry supergroup. Even if naively such model looks trivial, the 
gauge symmetry group has non-compact directions, whose proper gauge-fixing 
leads to a non-trivial topological sigma model. This is related to the existence 
of a truncation of the full superstring sigma model to a topological subsector, 
conjectured to describe the zero-radius limit of AdS/CFT, namely free SYM 
theory [311 [101 [HI [311 [JT] . This is a very promising avenue towards the final 
goal of having a worldsheet derivation of AdS/CFT from first principles, along 
the lines of the Gopakumar-Vafa construction [ST] [38] . 
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2. Generalities 



In this Section, we introduce the pure spinor formahsni for the superstring 
in the simplest case of flat ten dimensions. We start recalling the worldsheet 
variables used to describe a manifestly supersymmetric target superspace, then 
we introduce the pure spinor action and BRST charge. We explain the BRST 
cohomology equations for the massless vertex operators and mention the tree 
level scattering amplitude prescription and the subtleties related to the fact that 
the pure spinor conformal field theory describes a curved beta-gamma system. 
At the end of the Section we recall the GS and pure spinor non-linear sigma 
models in a curved type II supergravity background and the relation between 
superspace constraints and consistency of the worldsheet theory. In |Appendix A| 
the reader can find the conventions used for the ten-dimensional gamma matrices 



and the supervielbein. Appendix B contains a very detailed discussion of the 
relation between the pure spinor BRST cohomology equations and the on-shell 
description of ten-dimensional SYM theory in superspace. 

2.1. Superstring in flat space 

In this Section we will briefly review the salient features of the pure spinor 
formulation of the superstring in a flat ten-dimensional target space. 

2.1.1. Open superstring 

We will start with the construction of the open pure spinor superstring, or 
more precisely the holomorphic part of the closed pure spinor superstring. 

The matter sector is described by the supermanifold (a;™, 0"), where x™, m = 
0, 9 are commuting coordinates with the OPE 

a;™(z)a;"(0) ~ -77™"log|z|2 , (1) 

and 9", a — 1,...,16 are real worldsheet scalars anti-commuting coordinates. 
X™ transform in the vector representation of the target space Lorentz group 
5*0(1,9), while transform in its 16 Majorana-Weyl spinor representation. 
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One introduces the worldsheet one forms Pa as conjugate momenta to 9", with 
the OPE 

pMW^iO) f ■ (2) 
{Pa,S^) is a free fermionic (6, c) system of weight (1, 0). {x"^ ,Pa,6^) are the GS 
variables. 

The ghost sector consists of a bosonic complex Weyl spinor ghost A" , a = 
1, 16, which satisfies the pure spinor constraint 

A"7™^A'3 = TO = 0,...,9. (3) 

The 7^ are the symmetric 16 x 16 Pauli matrices in ten dimensions. The reader 
can find details of the notations in [Appendix A.lj A spinor A" that satisfies 
the constraints ([s]) is caUed pure spinor. This set of ten constraints is reducible 
as we will soon discuss. It reduces the number of degrees of freedom of A" from 
sixteen to eleven. We denote the conjugate momenta to A" by the worldsheet 
one- form Wa, which is a bosonic target space complex Weyl spinor of opposite 
chirality to A". Because of the pure spinor constraints (|3]), the system {wa, A") 
is a curved beta-gamma system of weights (1,0). If we want to find their free 
field OPE we have to first solve the pure spinor contraint to go on a patch of 



the pure spinor manifold, as in (32). 

The pure spinor constraints imply that Wa are defined up to the gauge 
transformation 

= A™(7™A)„ . (4) 

Therefore, Wa appear only in gauge invariant combinations. These are the 
Lorentz algebra currents Nmn, the ghost number current J\ which assigns ghost 
number 1 to A and ghost number —\ to w 

Nmn = ^W7m«A, J\ = WaX" , (5) 

and the pure spinor stress-energy tensor T^. In fiat space, these are all of the 
gauge invariant combinations. In AdS, the story will get more interesting. 

Unlike the RNS superstrings, all the variables that we use in the pure spinor 
superstring are of integer worldsheet spin. This is an important property of 
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the formalism, that translates in the simple perturbative expansion of string 
amplitudes. In the pure spinor formalism, the genus expansion is performed on 
bosonic Riemann surfaces. The RNS formalism, on the other hand, contains 
worldsheet spinors and requires that multiloop scattering amplitudes be evalu- 
ated on super-Riemann surfaces, which carry the complication of the sum over 
spin structures. This in turn enforces the GSO projection, which again is absent 
from the pure spinor formalism. 

In the pure spinor formalism, the worldsheet metric is in conformal gauge 
from the beginning. The conformal gauge fixed worldsheet action of the pure 
spinor superstring is 



^dx"'dXra + Po.de" -W^dX-^j , (6) 

where the last term represents the curved beta-gamma system which describes 
the pure spinor manifold. The total central charge of the pure spinor superstring 
is 

c*°* = cx+ Cpfi + Cyj^x = 10 - 32 22 = , (7) 

as required by the absence of a conformal anomaly. 
Physical states 

The physical states are defined as the ghost number one cohomology of the 
nilpotent BRST operator 

Q = j>dzX"doc, (8) 

where 

The doi are the supersymmetric Green-Schwarz constraints. They are holo- 
morphic and satisfy the OPE 

aa(^)a/3(0) , (10) 

and 

d„(^)n™(0) ~ '-^ ^ , (11) 
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where 

n™ = dXra + \B-f^dB , (12) 

is the supersymmetric momentumj^ da acts on function on superspace i^(a;™, 0") 
as 

z 

where 

is the supersymmetric derivative in ten dimensions. It is immediate to check 
the nilpotency of the BRST charge (|8|, due to the OPE's (10) and the pure 
spinor constraint (|3|. 

Massless states are described by the ghost number one and weight zero vertex 
operators 

U^^'^ =\°'Aa{x,e) , (15) 

where Aa{x,6) is an unconstrained spinor superfield. 
The BRST cohomology conditions are 

Qu^^^ = 0, su^^'^ = gr!(°) , (i6) 

where is a real scalar superfield of ghost number zero. These imply the 
ten-dimensional field equations and gauge invariance for Aa{x,6) 

jZip^^DaAp ix,9)=0, M„ = , (17) 

where we used the fact that 

^"^^ ^ Y^(V"'''''A)7X,. , (18) 



•^In the GS formalism, da's are fermionic constraints on tlie worldsheet. Half of these 
constraints is first class and it generates Siegel's kappa-symmetry. The other half of these 
constraints is second class. Because it is not possible to disentangle in a covariant way the 
first and second class constraints inside da, covariant quantization of the GS string has been 
problematic to achieve. This is one of the motivations to use the covariant pure spinor 
formalism. 



18 



due to the pure spinor constraint. In Appendix B we show that these equations 
are equivalent to the usual linearized equations of motion for the gluon and the 
gluino. These equations imply that is an on-shell super Maxwell spinor 
superfield in ten dimensions. For instance, in Wess-Zumino gauge 0°'Aa = we 
have 

{x, 9)^^ {Y''0)aa^{x) + ^ (07™"f 0) (7™„p)a/3^^ (x) + 0{e^) (19) 

where am{x) is the gauge field and ip'^(x) is the gaugino. They satisfy the super 
Maxwell equations 

a"(9™a„ - 9„a„0 = 0, T^j^™^^ ^ . (20) 

To make contact with the usual string quantization, let us recall how ver- 
tex operators look like in the RNS superstring. There, the unintegrated ghost 
number one weight zero vertex operator for the massless photon in the minus 
one picture is 

= a„(x)V''"ce-'^ , (21) 

where comes from the bosonization of the superconformal ghosts I3j and ip"^ 
are the RNS fermions. By expanding the wavefunction a,„(x) in Fourier modes 
and taking a constant polarization vector e^, we arrive at the more familiar 
form emtp™ce~'^e'^'^^ . The vertex operator (21) can be mapped to the pure 
spinor expression for the massless photon vertex operator U'^^^ = a„i{x){\Y^^9), 



which is in fact the first term in the expansion (19). The relation between 
integrated vertex operators V^°' and unintegrated ones U^^^ is enforced by the 
b ghost as 

'"&(z),Z^(i)(0)] = V(°) 



which can be easily checked on (21 ) and its integrated cousin V*-*^^ = am{x)tp"^e~'^ . 
By applying the BRST charge and the properties of the stress energy tensor, 
this relation can be immediately recast into the descent equation 

gv(°) = dU^^') , (22) 
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which yields 



(23) 



where W and F™" are the spinorial and bosonic field strength, respectively 

DaW^ = Ih'^niFmn F^^ = O^A^ - 9„A„, . (24) 

We have W = V'" + •■■ and Fmn = fmn + ••• and Afm„ are the spin part of 
the generators of Lorentz transformations in the matter sector. When expanded 
V(°) reads 

V(°) = a,„9x" + ^/,„„Af"" + + ... , (25) 
where qa is the space-time supersymmetry current 

9a = Pa + \{dx"' + ^e7'"50)(7m^)a . (26) 

Note that, unlike the RNS, we do not need a GSO projection in order to get 
a supersymmetric spectrum and that the Ramond and NS sectors appear on 
equal footing in the pure spinor formalism. 
Scattering Amplitudes 

Consider the tree-level open string scattering amplitudes. The n-point func- 
tion An on the disk reads 

A„ = {u'l'\z,)U^i\z2)U^^\z^) J dz,vi"\zi)... J dznV^^\zn)) . (27) 

Wj^^^ are dimension zero, ghost number one vertex operators and V^'"'' are dimen- 
sion one, ghost number zero vertex operators. There are no moduli on the disk, 
but only three conformal killing vectorsj^that generate the PSL{2, R) group as 



usual. We will briefly comment on the ghost number anomaly in Section 2.1.2 
Hence, we can use the PSL{2, R) symmetry to fix the worldsheet location of 
three vertices to their unintegrated form, just as in the bosonic string. Using 



*In the RNS formalism, moduli and conformal killing vectors are, respectively, the b and c 
ghost zero modes. 
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the free field OPE's we get rid of the non-zero modes and obtain 

A„= fdZi... f dZn{X"X^X''Upj{Zr,kr,0)) , (28) 



where kr are the scattering momenta. Thus, fapj depends only on the zero 
modes of 9. There were eleven bosonic zero modes of A" and sixteen fermionic 
zero modes of 9". One expects eleven of the fermionic zero modes integrals 
to cancel the eleven bosonic zero modes integrals, leaving five fermionic 9 zero 
modes. A Lorentz invariant and supersymmetric prescription for integrating 
over the remaining five fermionic 9 zero modesis given by picking the component 

{{Xj"'9){XrOKXjP9Kej,nnp9)) - 1 . (29) 

One can show that this is the unique ghost number three and weight zero element 
in the BRST cohomology. For more details about the amplitude prescription, 
we defer the reader to the references listed at the end of this Section. 

2.1.2. Pure spinor manifold 

As we anticipated above, the pure spinor variables and their conjugate mo- 
menta {w, X) represent a curved beta-gamma system. The pure spinor set 
of constraints ([S]) defines a curved space, which can be covered by sixteen 
patches Ua on which the a-th component of A" is nonvanishing. The set of 
constraints ([3| is reducible. In order to solve it we rotate to Euclidean sig- 
nature. The pure spinor variables A" transform in the 16 of 5*0(10). Un- 
der 5*0(10) U{5) ~ SU{5) X U{1) we have that 16 ^ Is e lOi e 5_3. 
We denote the sixteen components of the pure spinor in the U{5) variables by 
A" = A+ © Xab ® A°; a,b — 1..5 with Xab = —Aba. In this variables it is easy to 
solve the pure spinor set of constraints ([s]) by 

\+ s \ \a I —s abode /or\A 

A =e, Xab=Uab, A = -^e e UbcUde ■ (oU) 

o 

The system {wa, A") is interacting due to the pure spinor constraints. It has 
the central charge C(^^ \) = 22, which is twice the complex dimension of the pure 
spinor space 

T.(.)r.(0)^^^^^ + .... (31) 
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This can be computed, for instance, by introducing the conjugate momenta to 



the U{5) variables Q with the OPE 

t(z)s(0)~logz, ^^-^Vd--^, (32) 

with (5°^ = '^{^c^d ~ ^d^c)- The stress energy tensor and the ghost current in 
U (5) notation read 

Ta = v''''duab + dtds + d^s , (33) 

Ja - ^Uabf"' + dt + ids . 

The stress energy tensor can be recast in a covariant form by using the Lorentz 
generators A^™" in ([s]) and the ghost current Ja 

Ta = ^Af""iV™n-^J^ + 9JA . 

The central charge of the pure spinor beta-gamma system is 22 1^ The ghost 
number anomaly reads 

Ja(z)Ta(0)~-^ + ... = ^ + ... , (34) 

where ci ( Q) is the first Chern class of the pure spinor cone base Q and Ja = 
iWqA" is the ghost number current. The ghost number anomaly is thus +8. 

The pure spinor space M is complex eleven-dimensional, which is a cone over 
Q = ^^ji^- At the origin A" — 0, both the pure spinor set of constraints (jsj) 
and their derivatives with respect to A" vanish. Thus, the pure spinor space has 
a singularity at the origin. This singularity is easily seen in the parameterization 



( 30 ) , which naively blows up and requires dealing with multiple patches on the 
pure spinor manifold. We will briefly mention how to deal with this issue when 
discussing scattering amplitudes below. 



^For a complex (1,0) beta-gamma system one would naively expect a central charge of 44, 
since the A's are complex Weyl spinors. However, the complex conjugate A's never appear in 
the formalism, so that we can define the pure spinor as being a hermitian operator A" = (A")t. 
Since both the operator and its complex conjugate carry the same ghost number, one avoids 
any inconsistencies. This ensures that the central charge is 22. 
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The pure spinor system (A",Wq,) defines a non-linear cr-model (also referred 
to as a curved beta-gamma system) due to the curved nature of the pure spinor 
space ^. There are global obstructions to define the pure spinor system on 
the worldsheet and on target space. They are associated with the need for 
holomorphic transition functions relating (A",Wq,) on different patches of the 
pure spinor space, which be compatible with their OPE. The need to use multiple 
patches to chart the pure spinor manifold is evident from the fact, already 



mentioned, that the C/(5) parameterization in (30) is not global, but rather 
blows up at = 0. The obstructions are reflected by quantum anomalies 
in the worldsheet and target space (pure spinor space) difFeomorphisms. For 
example, when passing from one patch to another, one must preserve the simple 



OPE's (32) between the variables and their conjugate momenta, but there may 
be a topological obstruction to this. The conditions for the vanishing of these 
anomalies are the vanishing of the integral characteristic classes 

^ci(S)ci(>[) = 0, ipi(>[) = 0, (35) 

ci(I]) is the first Chern class of the worldsheet Riemann surface, ci{A4) is the 
first Chern class of the pure spinor space M , and pi is the first Pontryagin class 
of the pure spinor space. The vanishing of ci{A4) is needed for the definition 
of superstring perturbation theory. It is the usual Calabi-Yau condition on this 
complex eleven-dimensional manifold and it implies the existence of the nowhere 
vanishing holomorphic top form Q{X) on the pure spinor space A4 

n = n{X)dX^ A ... A dA" , (36) 

where overall factor r2(A) ^ has ghost number minus three. 

The pure spinor space (|3| has a singularity at A" = 0. Blowing up the 
singularity results in an anomalous theory, as it generates a non-zero first Chern 
class. However, simply removing the origin leaves a non-anomalous theory. 
This means that one should consider the pure spinor variables as twistor-like 
variables. 

We can reinterpret the tree-level amplitude prescription in light of this dis- 
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cussion of the pure spinor manifold. The volume form [DX] = Q on the pure 



spinor manifold (36) contains an integration over eleven pure spinors, and it 



carries ghost number +8, which coincides with the ghost number anomaly (34) 



Since the integration over pure spinor zero modes in the scattering amplitude 



(27) is the naive one, namely J d^^X, we have the schematic relation 



which agrees with the insertion of three unintegrated vertex operators in the 



tree- level amplitude prescription (27). For a precise realization of this relation, 
which is outside the scope of this review, we refer the reader to the literature 
cited at the end of this Section. 

If we want to compute multiloop scattering amplitudes we need to introduce 
the antighost, a composite operator of weight two and ghost number minus 
one, which couples to the worldsheet Beltrami differentials and counts the mod- 
uli of the Riemann surface. It is defined such that its anticommutator with the 
BRST charge gives the total stress tensor: {Q, b} = T. In a flat background we 
need to enlarge the field content by introducing a BRST quartet of worldsheet 
variables to implement such a construction, which is usually referred to as the 
non-minimal pure spinor formalism. In the AdS^ x background, however, 
there is no need to introduce such additional set of fields in order to construct 
the b antighost. As we will explicitly see in Section 5.4. 2[ this is due to the 
presence of an invertible RR flux. 

2.1.3. Closed superstring 

The construction of the closed superstring is straightforward. One introduces 
the right moving superspace variables the pure spinor system (wq, A") 

and the nilpotent BRST operator 



Q 



= jdzX"d& . (37) 



The analysis of the spectrum proceeds by combining the left and right sectors. 
We can describe respectively type IIB or type IIA superstrings by taking the 
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hatted spinor indices to have the same or opposite chirahty of the unhatted 
ones. 

Massless states are described by the ghost number two vertex operator 

Ui^) = X"rAc,&{X,e,e) . (38) 

The cohomology condition for a physical vertex operator U is that it satisfies 
the equations and gauge invariance^ 

gw(2) = QU^^'> = 0, (39) 

SU'-^^ =QA + QA with QK = q1 = 0. 

Applying these conditions to U^"^^ = X^^}C Ap^f where A — X^Q.^ and A — A^r^Q,, 
and using the fact that pure spinors satisfy 

^"^"^ 19^^^^""""'^^^™"^^'- i^(V"'^''^A)7^i,., (40) 

one finds that must satisfy the conditions 

^nmpqr-^aAp^ = lmnpqr-^&-^Pl ~ (41) 
5Ap^ = Dp% + D^np with -f"nipgrDa^0 = = 0, 

where Da and Da are the supersymmetric derivatives of flat type II I? = 10 
superspace (14). Note that (5$ = X^Da^ and (3$ = A"Dq$ for any superfield 



It will now be shown that the conditions of (41 1 correctly reproduce the Type 
IIB supergravity spectrum. The easiest way to check this is to use the fact that 
closed superstring vertex operators can be understood as the left-right product 
of open superstring vertex operators. The massless open superstring vertex 
operator is described by a spinor superfield Ap{x,6) satisfying the conditions 



^ For the ordinary closed bosonic string with the standard definitions of Q and Q, these 
cohomology conditions reproduce the usual physical spectrum for states with non-zero mo- 
mentum. For zero momentum states, there are additional subtleties associated with the ba — bQ 
condition which will be ignored. 
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(17), that imply the super-Maxwell spectrum. Similarly, the equations of (41 1 



imply that there exists a gauge choice such that 

Ap^{x, 9, 9) = (7™0)M7"^>/lmn(x) + {Y^e)p{9jP'>-9){^pgr^rn{x)h (42) 

where ... contains only auxiliary fields and where hmn{x), •^''^{x), "ipmix) and 
P"'^ [x) satisfy the equations 

- = a"(a„,C - dn^i) = 0, a„(7"V'm)a = dn{r$m)a = 0, 

-y"od pl^^ - -^"-(9 P"^ — 



The equations of ( 43 ) are those of linearized Type IIB supergravity where hmn 
describes the dilaton, graviton and anti-symmetric two-form, "0^ and V'm 
scribe the two gravitini and dilatini, and P°'^ describes the Ramond-Ramond 
field strengths 

TTR • — P— 'yO-iF JL. }_-yaia2a3 p i l_^ai...a5p 

J-J-L' • ;-'-ai~3t; ^ aiagas 2-5! ' ai...a5 t 

9s 

IIA: -F= ^^0 + 5t7°'"' ^^aia, + iT7"'-°*^ai...a, , (44) 

9s 

where Fq is usually referred to as the Romans mass. We see that all the dif- 
ferent RNS sectors (NS,NS), (R,R), (R,NS) and (NS,R) are on equal footing in 
this representation. The integrated ghost number zero vertex operator for the 
massless states reads 

j (fzV^°^^ J d^z(^d9°'A^&d9" + d9°'A^,„U'^ + . (45) 

It is sometimes convenient to choose a gauge for physical vertex operators 
such that they are dimension zero worldsheet primary fields, i.e. they have no 
double poles with the stress tensor. For the ordinary closed bosonic string, this 
gauge is implemented by the zero mode of the antighost: boU^^^ — foo^^^"* = 
0. This condition imposes the usual Lorentz gauge on the gauge fields in the 
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massless sector and is generally called Siegel gauge. Since {Q,bo} = Lq, this 
is equivalent to choosing a dimension zero vertex operator. This gauge choice 
simplifies the computation of scattering amplitudes and, in string field theory, 
it reduces the string propagator to 60 /^o- In the pure spinor formalism, the 
b antighost is a complicated composite operator, so one would rather analyze 
the stress-tensor to find this gauge-fixing condition. The left and right-moving 
stress tensors are 



T = ^dx'^dxra+Pc.de" and T = ^dx'^dxm + P&dO^ + T^, (46) 



where T\ and Tt are the c — 22 stress-tensors constructed from the pure spinor 



variables A" and A" , as in ( 33 1 . When acting on the massless vertex operator 
^(1^1) — A"A^A^^(a;, 9, 9), the condition of no double poles with T or T implies 
that dmd"^A^p = 0. Furthermore, the on-shell BRST cohomology conditions 



(41 1 imply that 9™(9,„A^3-a„A„js) = 9™(9,„ylQ„--a„v4a„i) = where A„i=f = 



jQlmDaApi:^ and Aam = j^lrnDpAa^. So the gauge-fixed equations for A^-^ 
are 

9"9„A^^ = 0, &^A,^^ = &''A^„, = Q. (47) 



The gauge transformations (41) on the superfield Aaa, derived from the 
requirement that the vertex operator is closed but not exact in the BRST co- 
homology, include general coordinate invariance, which becomes apparent when 
considering the component of the supergravity superfield corresponding to the 



graviton in ( 42 ) . So the residual gauge transformations which leave the gauge- 



fixed equations of motion ( 47 ) invariant reduce to 



5Afi^ = Dp^^ + D^fl^ with drr^d'^np = d„,d"'Vl^ = = d'"'Vt,, 



(48) 



2.2. Curved backgrounds 

Now that we know how to describe strings in flat space, let us generalize to 
a curved supergravity background. This is going to be the first step towards our 
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goal of formulating the worldsheet theory in an AdS background in Section [Sj 
Details on the notations used in a curved background can be found in | Appendix] 

El 

2.2.1. Green-Schwarz 

We consider a target superspace with thirty-two supersymmetries in ten 
dimensions. The conventions we use in a generic background are collected in 



Appendix A. 2 We denote the curved super-coordinates as Z^'^ — {X™, 6^, 0''}, 
where m = 0, . . . , 9 and the Grassmann-odd coordinates are sixteen dimensional 
Majorana-Weyl spinors, of the same chirality for type IIB and of opposite chiral- 
ities for type IIA. From now on, we will denote the right-moving spinor variables 
with a hat and not with a bar, since in a curved background with RR flux the 
holomorphic and anti-holomorphic separation of the worldsheet variables does 
not hold anymore. The Green-Schwarz sigma model action is 

Sgs=^ j d^<jd,Z''d,Z'' i^g'^GNMiZ) +e''BNM{Z)) , (49) 

where Gnm,Bnm are background superfields whose lowest components along 
the directions Gmn{X), Bmn{X) describe the target space metric and NS-NS 
two-form potential. The meaning of the other components will be clarified 



shortly. The last term in the action ( 49 ) is the Wess-Zumino term, that can be 



written in two dimensional form due to the fact that locally H = DB. Let us 
introduce the target space supervielbeins E^j{Z) and denote their puUbacks on 
the worldsheet as the currents = dZ^'^ E^j. In terms of these currents, the 



action (49) reads 

^= rf'fT {V99''J-J-Vab + e''JfjfBBA) , (50) 

where Gmn = E'^^E'^rjab, Bmn = E^jE^Bba and -qab is the flat Minkowski 
metric on the bosonic tangent space. In the case of flat backgrounds, Jf = 11" 
is the usual supersymmetric momentum, J" — di9°' and J" = di9", while the 
super B-field has non-vanishing components Baa — {9ja)ai Baa = —{Oja)a and 



Baa = (^7a)a(^7°)a- By plugging thcsc expressions into (501 we go back to the 
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type II Green-Schwarz action in a fiat baclcground. As we will see in a moment, 
the spinorial components of the super B-field are related not to background 
fluxes, but to the torsion. 



2.2.2. Pure spinor 

The sigma model action for the type II pure spinor superstring in a generic 
supergravity background is 

s= 2^1 d^z[^n''ii\,b + in^n^SAB + d^n^ + ^H") (51) 

+w„VA" + WaVA" + a'm{Z)] , 

The independent worldsheet fields in this action are Z^'^ ~ {X"^ , 9^^ , O^^) and 
(da^da) in the matter sector, and (iUq,, A", A") in the ghost sector. By 
varying the action with respect to these fields, one can derive their equations of 



motion. Note that da and da can be treated as independent variables in (51 1 



since Pa and Pa do not appear explicitly. The worldsheet matter fields are the 
pullback of the target space super- vielbein 11"^ = E^^^dZ^^ , where A — (a, a, a) 
is a tangent space superspace index and M — (to, /i, fi) a curved superspace 
index. The ghost content is the same as in flat space and the covariant derivative 
on A (A) is defined using the pullback of the left-moving (right-moving) spin 
connection fla'^ = dZ^'Q.Mj {(ij = dZ^^tlMj) as 

(VA)" = aA" + flp^X^ , (VA)" = 5A" + VLfX^ . 

The background superfields B, P. C, C, 5", $ are functions of X, 9, 9. The back- 



ground superfield Bj^b appearing in (51) is the superspace two-form poten- 



tial; the lowest components of Ca^^ and Ca^" are related to the gravitini and 
dilatini; the lowest component of P"" is the Ramond-Ramond bispinor field 
strength. In the type II superstring, the dependence of the superfield P on the 



Ramond-Ramond p-form field strengths Fp is (44). For example, in the type 
IIB AdSs X background, P"" = j^^^^sa whose inverse is {P-^)aa = ll]^^'^- 
Saa^^ is related to the Riemann curvature. The first line of ( 51 ) is the standard 
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Type II GS action, but the other hnes are needed for BRST invariance. As will 
now be shown to lowest order in a', nilpotence and holomorphicity of A" da and 
nilpotence and antiholomorphicity of \"da imply the equations of motion for 
the background superfields in 



If the Fradkin-Tseytlin term, J cP z^{Z)R, is omitted, (51) is the most gen- 
eral action with classical worldsheet conformal invariance and zero (left,right)- 
moving ghost number which can be constructed from the Type II worldsheet 
variables. Note that da carries conformal weight (1,0), da carries conformal 
weight (0,1), A" carries ghost number (1,0) and conformal weight (0,0), A" 
carries ghost number (0, 1) and conformal weight (0,0), Wa carries ghost num- 
ber (—1,0) and conformal weight (1,0), and lia carries ghost number (0,-1) 
and conformal weight (0, 1). Since Wa and Wa can only appear in combinations 
which commute with the pure spinor constraints, i.e. are invariant under the 
gauge transformations Q, the background superfields must satisfy 

{^"'''T^nMJ = (7'"''^)^ f^Ma'^ = {-/'^''TpC^i^ = (52) 
ii'-'^cl-^ = h'"''TpStl = (7''^'^)|5g = 0, 

and the different components of the spin connections will be defined as 



^mJ = n^l^s^a + l^M{icd)J, ^mJ = n^^^sl + ^nj^jhcd)/. (53) 

Since there are now two independent pure spinors, so one has two indepen- 
dent fermionic structure groups, each consisting of the spin group times scale 
transformations. One therefore has two independent sets of spin connections 
and scale connections, {fl^j^J , and (^2j^^/', f)^j), which appear explicitly in 
the Type II sigma model action. 

In addition to being target-space super-reparameterization invariant, the 



action of (51) is invariant under the local gauge transformations 

SEi, = rj,,A'^Ei,, SEt.^^Eij, = (54) 
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where = E(^)5^ + iS^-(7be)„^ = S(-)<5f + iE^=(76c)/, [A^^E^^S''-] pa- 
rameterize independent local Lorentz transformations on the [vector, unhatted 
spinor, hatted spinor] indices, E^^-* and E^'*-' parameterize independent local scale 
transformations on the unhatted and hatted spinor indices, and the background 
superfields [P°'^ ,CP^ .C'^'^ ,S^i] transform according to their spinor indices. 



Furthermore, the action of (51 1 and the BRST operators (55) are invariant 
under a local shift transformations, which we omit. 
The left- and right- moving BRST charges are 

Q = jdzX'do, , Q = ^dzA"4 , (55) 

where d and d are the pullback of the spacetime supersymmetric derivatives. 
Conservation of Q and Q and nilpotency of Q + Q imply a set of type IIA/B 
supergravity constraints, that put the background onshell. One- loop confor- 
mal invariance of the worldsheet action is implied by such constraints. In the 
following we will recall some of those constraints when needed. 

The stress tensor for the pure spinor action in a generic type II supergravity 
background reads 

T = -^n'^n'tjab - daH" - wjwxr , (56) 

2.2.3. Type II supergravity constraints 

We will derive the contraints on the background superfields, coming from the 
requirement that the worldsheet BRST operator be nilpotent and conserved. 

Nilpotency constraints 

The conditions implied by nilpotency oi Q = § X^d^ and Q = § X^d^ are 
obtained imposing that 

{Q,Q} = {Q,Q} = {Q,Q} = o , 

which imply that 

X"X^Tap'" = X"X^Hal3B = X°' X^ RaPj^ = X" X^ Rap-y^ — 0, (57) 

X"X^T.^^ = A"A%-s„ ^ X"X^R.r, ^ = X'^X^T'R-isJ = 0, 
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T 7p — U g„ — \°'\^Rf.^a^ — X°^X^R . — 0, 

a/3 apB (xjp ^ap ' 

for any pure spinors A" and A", where Tab"' and Rabp^ are defined using the 
^Mp'^ spin connection, and Tab" and Rab]^ ^'"^ defined using the ^j^.^p'^ spin 
connection and H = dB. The nilpotency constraints on Rabc^ are impfied 
through Bianchi identities by the nilpotency constraints on Tab^ ■ 
Holomorphicity constraints 

The BRST charge must be conserved on the worldsheet, i.e. the right- 
moving BRST current must be holomorphic; d{X"da) = 0; and the left-moving 
one anti-holomorphic. We need the equations of motion for A and d coming 



from the action (51|. To derive the constraints coming from holomorphicity 
of X^da and antiholomorphicity of X^d^, we vary A", Wa, A" and we compute 
E^{dS/6Z^), obtaining an expression for d{X°'da). 

Plugging into this expression the equations of motion coming from varying 
da and da, 

U" = -P"^d^ - Cl°'Pw^, n" = P'^'^dp - cfxi^w^, (58) 
one finds that holomorphicity of X°'da implies that 

Ta{bc) = Hacd = H^^^ = Tafjc + Hafic = T^p^ - H^^^ = (59) 

T ^ -I- T - P'^T' — T — T Pt'f^ — T oT" _ 1 ff „ p77 — T — 
OiC I -^cx'^c-^ — OLC -^a^c-^ — -^ap 2 *-^P7 — aj — 

+ WaP^^ - Tap^P"^ = R.^ + TapcCf = R^,f - \HaSpCf = 0, 



5' - -h n s_ ' -t- VqO- — Tqa'^ 

a7 Qp7 " 7 ^P 

X'^X^iRcap'' + T^scCf) - A"A^i?y„/ = 0, 

A"A^(V„Cf ~ Rcnp'P^^) = X''X^{VaS;l ~ Rak^'Cf - Ra.p'Cf) = 0, 

where B^ = EfjdZ^'^ , B^ = EfjdZ^'^ , Tabc = VcdTAB'^, and all superspace 
derivatives acting on unhatted spinor indices are covariantized using the VImu^ 
connection while all superspace derivatives acting on hatted spinor indices are 
covariantized using the J^mq^ connection. Furthermore, the torsion Tab" and 
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curvature Rab-^^ are defined using the ^Ma^ connection whereas the torsion 
Tab'^ and curvature Rabj^ are defined using the ^Ma^ connection. Note that 
TAbc appears only in the combination Ta(bc)- This combination is independent 

(s) " (s) 

of the spin connections since rt\.j and fl\J only act on spinor indices and since 
and are antisymmetric in their vector indices. The last two lines of 
equations must be satisfied for any pure spinor A". Antiholomorphicity of A" da 
implies the hatted version of the above equations. The only subtle point is that 
it implies T^p^ — H^^^ — T^pc + Hapc — 0, which together with the above 
equations implies that 

Tafic + Ha/Bc = T^p^ - H^^^ = T^^^ = H^^^ = 0. (60) 



The constraints of (57) and (59) will now be shown to imply the correct 
Type II supergravity equations of motion. 
Supergravity constraints 



At scaling dimension — ^ the constraints of (57) imply that 



-ffa/37 - Haf}^ - H^^^ - H - (61) 

since there is no non-zero symmetric Hap^ and H^^^ satisfying X^X^ Hap-y = 
and X^X^H.T,^ = 0. 

At dimension 0, the constraints A^A'^T^^^ = A"A^Tj^^ = imply that 
Tais" = i{l'^)af}fd and T^f = ^il'^)apfd some and f^. Using the dimen- 
sion zero H Bianchi identities and the local Lorentz and scale transformations 



of (54) for the unhatted and hatted spinor indices independently, both and 
/J can be gauge-fixed to 5^. After this gauge-fixing, the only remaining gauge 
invariance is a single local Lorentz invariance which acts on all spinor and vec- 
tor indices in the standard fashion. Combining with the other dimension 



constraints of (57) and (59), one has 

At dimension i, the constraints A^A^^T^^t = and A^A^T-^"? = imply 
that Tap'' = f2il'')ap and T^f = f]{Y)ap for some f] and f]. Using the 
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shift symmetries 

6da = -sn^^^x^w.^, suiJ = wjsn^J, (63) 

both /J and can be gauge-fixed to zero so that Tap^ — T^^^ — 0. 
At dimension one, the constraint T^a^ — T^a^ = decomposes into 

= Tt'f<^{ndefg)J + (7de)/ + T.Si = 0, (64) 

The constraints = T; = and T^" = f^" = determine the vector 
components of the spin connections f^c*', i^c'*'^ and Clc'^'^, whereas the 

constraint T^^-^^a ^ f^<^fa = o is imphcd by the Bianchi identities {DH + 
TH)bca-~,{l'"^''^^T^ = and {DH + TH)bc&^{j'"'''f3)&'i = o. The constraints 
Ta/ = {lc)a-yP^^ and T^/ = {lc)&^P^^ for some P'^'^ and P^^ are implied by 
the Bianchi identities (VT + TT)^^^ = (VT + TT)^-_ = 0. And P^^ = F'^^ 
is implied by the Bianchi identity (VT + TTY ~ = 0. Similarly, all other con- 



straints in (57) and (59) are either implied by Bianchi identities or define Cf''', 



'^''^ and 

The above constraints imply that all background superfields appearing in 



and S'^j' in terms of the supervielbein 



the action of ( 51 ) can be expressed in terms of the spinor supervielbein E^^ and 
Ef. Further more, the constraints 

r„/ = *(7%/3, T^f = ^{llo.p^ (65) 
imply the on-shell equations of motion for E^^ and E^' . So the constraints of 



(57) and (59 1 imply the Type II supergravity equations of motion. 



2.2.4- Invertible R-R superfield 

Let us specialize to the case in which the vacuum expectation value of the RR 
superfield P"" is invertible and denote its inverse by Paa such that Pa&P'^^ = 
PaaP^" = ^a- The Variables d and d couple to the R-R field strength 
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through the term dadaP""^ in the action ( 51 ). If P is invertible we can integrate 



d and d out upon their equations of motion 



da= Pa&iTl'' + X^w^Cf) , (66) 
d& = -Faa(n" + XPwaCp^") . (67) 



Substituting ( 66 ) into the stress tensor ( 56 ) we find 



T = -Wn^^ab - P-y^ifP + A^u;^,Cf )n^ - Wa{S/Xr ■ (68) 



The proof that the stress tensor (56 1 is separately invariant under the BRST 



transformations generated by the left and right-moving BRST charges 

{Q,r} = {Q,r} = o , (69) 

involves the supergravity constraints that we just introduced. 
Guide to the literature 

The fact that pure spinors can be used to describe ten-dimensional on- 
shell super Yang-Mills theory and supergravity was noticed a long time ago 
[48l l49l l50l [ST] , Building on this fact, the pure spinor formalism for the su- 
perstring was put forward by Berkovits in |15j . The tree level prescription for 
scattering amplitudes is given in |15) . while the multiloop prescription for scat- 
tering amplitudes in flat space appears in f52| . The multiloop prescription of 
|52j involves picture changing operators and has been reformulated in terms of 
the non-minimal pure spinor formalism in j531 154j . An exhaustive discussion 
of the anomalies of the pure spinor curved beta-gamma system and its U{5) 
decomposition can be found in |55j . 

The pure spinor formalism in a generic type II supergravity background 
is discussed in |56) , where the holomorphicity and nilpotency constraints are 
derived (for a review, see [32]). A proof of the equivalence of such constraints 
with the more familiar Howe and West formalism f57] is given, too. The relation 
between the constraints and worldsheet one-loop conformal invariance, which we 
have omitted, can be found in i55|. The case of a supergravity background with 
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an invertiblc RR superfield is discussed in [35] , where the properties of the stress 
tensor and the b antighost are studied. A general procedure to construct the 
pure spinor action in type IIA supergravity backgrounds using free differential 
algebras appears in [BDl [HI] ■ 

Since we have in mind the application of the pure spinor formalism to AdS^ x 
background, we have not discussed at all the issue of the origin of the pure 
spinor formalism, namely how to obtain such a quantum action and BRST 
charge by performing a gauge fixing of a classical action. Some papers that 
address this problem are |62l |63l [64] . In the superparticle case, it is actually 
possible to obtain the pure spinor formalism from the classical Brink-Schwarz 
action [55]. The pure spinor superstring is equivalent to the RNS and the GS 
formalisms. Although wc will not address this issue in this review, the interested 
reader can find the proof of equivalence to the RNS string in [65] [66] and to the 
light-cone GS string in [571155]. 
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3. Supercoset sigma models 

In this Section, we introduce non-linear sigma models on supercosets. We 
first derive the curved AdS superspace geometry using the supergravity con- 
straints from the previous Section, then discuss the issues related to the choice 
of the light-cone gauge in the GS formalism, as a motivation to introduce the 
pure spinor formalism. After a brief introduction to supergroups and super- 
cosets, we construct the GS action on a supercoset that admits a Z4 grading 
and prove its kappa-symmetry. We finally introduce the pure spinor action in 
AdS^ X and briefly mention the generalization to other interesting super- 
cosets. In [Appendix C| the reader can find more details on supercosets and the 
structure constants of the PSU{2,2\A) supergroup. 

3.1. AdS geometry 

In this section we will solve the supergravity constraints discussed in Sec- 
and derive the value of the superfields in the particular AdS^ x S^. 



tion 



2.2.2 



We will then plug such background superfields in the action (51 1 and derive the 
worldsheet non-linear sigma model action. 

The type IIB supergravity solution for AdS^ x is given by the metric and 
five-form flux 

ds^ = e^^/^[~dt^ + {dx')^] + d<l)^ + R^dnl , (70) 
F5 = (1 + *)Yo\{S^)NjR^ , (71) 

where Nc are the units of RR flux through the five-sphere and = Q;'(47r(7s7Vc)^/^ 
is the radius of the sphere and of AdS and the AdS boundary is at — > 00. 

The type IIB Ramond-Ramond fluxes couple to the worldsheet fields through 
the vertex operator 

The bispinor superfield 
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contains the one- three- and five-form fluxes F's and in the background (701 
takes the form 

pap _ ^"^ „aP _ / 01234Na^ /yo^. 

The matrix 77"^ has rank sixteen and is numerically equal to the identity matrix, 
in particular it is invertible. 

Consider the definition of the superfield three-form flux with curved indices 
H = dB. One can pass to flat indices by introducing the super- vielbeins and 
recalling the definition of the torsion = VE^ = dE^ — E^ A fis'^, where 
is the spin connection. We obtain then the flat index equation H = 
yB + TB and in particular the component Haap = Taa^B^-j^. The supergravity 
constraints flx Haap — ~T^prjab — ~{la)ap and the Bianchi identity for the 
torsion implies that Taa^ = —{"1a)ai}P^^ ■ Hence we obtain a non- vanishing 
component of the super B-field 

Bap-\P-J = \(9SN.)"S^$- (74) 

The pull-back of the spin connection is given by dZ^'^D,Ma^ — ^J""^{'^mn)a^, 
while the Riemann curvature is computed as follows. From the torsion Bianchi 
identity one flnds Rabcd = l{lcd)i3"Ta[jTi,]s,^ , then by using Tf„ = {ja)ai3P'^'^ 
and T^^ = {'ja)^pP , together with the definitions of the gamma matrices in 
the Appendix and using the fact that [7af),7o'6'] — 0, we find that 
2 2 

^>^bcd = ^^^^^-|i/2'7a[h'?c]rf , Ra'b'c'd' = " j-^^^^^j 1/2 ^a' [6' ??c']d' ■ (75) 

where the unprimed indices denote the AdS directions and the primed indices 
denote the sphere directions. 

3.1.1. Green-Schwarz 

We write the sigma model by making use of the pull-backs of the super- 
vielbeins = dZ^'^E^j, hence the sigma model fields will take values in the 
tangent superspace. The Green-Schwarz-Metsaev-Tseytlin sigma model on the 
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AdS^ X background depends only on B^j^, which takes care of the Wess- 
Zumino terirQ 

s=^J d'l (^Vag^'J^J^Vab + Y^^^Jtjf^ ■ (76) 

We have performed a rescaling of the currents J"^ — ?► {gsNcY^'^J"', J" — )■ 
{gsNcY/^J" and J" ^ {gsNc)^/^J^. The sigma model inverse coupling squared 
is usually set to be R^/a'. By the AdS/CFT correspondence, such quantity is 
equal to the 't Hooft coupling Xt — Qym-^c of A/" = 4 super Yang-Mills theory 



i?2/a' = yJXt . (77) 

We will set a' = 1 in the following. 

By performing a K-symmetry transformation 

S^Z^'EIj^O, S^Z^'EIj^p'- , 5^Z^'E%^r. (78) 

where = 5(7a)s^??"^Jf and = -5(70)"'^??''" Jf^'", the variation of 
the action is proportional to the Virasoro constraints, which can be canceled by 
an appropriate transformation of the worldsheet metric 

5.{V99'') = AVhr^^^iPl^J^K^^ - Pfj^kn , (79) 

where k'" = Pj' k", k'" = P^ and P± are the usual worldsheet projectors. 
Note that while in flat space the WZ term transforms as a total derivative 



under supersymmetry, the action ( 76 ) is manifestly invariant under the target 
space isometry PSU{2, 2|4). 
Light-cone gauge issues 

In flat space and in a plane wave background, the Green-Schwarz (GS) action 
can be quantized in the light-cone gauge, where the theory becomes free and the 



^Unlike in the pure spinor formalism, in which and 9" have independent Lorentz trans- 
formations, in the Green-Schwarz formulation they transform with the same Lorentz parame- 
ter. Hence, in the Green-Schwarz-Metsaev-Tseytlin action we could drop the hatted notation 
on the 8". However, we keep it anyway because our goal here is to construct the pure spinor 
action. 
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spectrum can be easily computed. In AdS background (70), however, the use 
of the GS sigma model is limited, due to the fact that it is hard to impose the 
light-cone gauge when expanding around empty AdS. Therefore, it is hard to 
study the perturbative spectrum of the GS formulation around empty AdS. On 
the other hand, the light-cone gauge can be imposed consistently if we expand 
around a classical solution of the GS equations of motion for string configura- 
tions with energies of order 0(A). This is the solitonic sector of string theory and 
it contains a variety of macroscopic strings. By the AdS/CFT correspondence, 
these strings are dual to gauge invariant local operators with an asymptotically 
large number of elementary fields on the super Yang-Mills side. Let us see why 
it is hard to fix the light-cone gauge around empty AdS background. 

In flat space or in a plane wave background, the worldsheet symmetries 
can be fixed in the following way. As a first step, we choose the K-symmetry 
light-cone gauge 7+^?^ = 0, where 7+ = 7-^ -|- 7°, that drastically simplifies the 
equation of motion for A+ to 

d,{^g'^d,X+) = . (80) 

Then one chooses the conformal gauge g'^^ — rf^ on the worldsheet, which 
leaves the residual invariance {(t+,(T^} — > {cr+(cr+),cr^(cr^)}. This implies 
that r(o'+,CT^) is a solution of d+d-T = 0. In conformal gauge, the equation of 



motion (80) becomes 9-|_9_Ar+ — 0. We can thus fix the residual invariance by 
setting T ^ A"+ in a way consistent with the equations of motion for . 

The above procedure can be implemented whenever the background geom- 



etry is a direct product R^'^ x Afg. The AdS^ x metric (70) does not faU 
in this category. Let us try to apply the naive gauge fixing procedure outlined 
above and see what goes wrong. The K-symmetry light-cone gauge 7+^^ = 
simplifies the GS action, leaving in the sigma model a linear dependence on the 
X~ coordinates. Upon integrating it out, we obtain the constraint 

d,{e'^V99''d,X+) = , (81) 



which, unlike (80 1, depends explicitly on the radial coordinate. After choosing 
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the conformal gauge g*^ — jy'-', the residual invariance, encoded in the equation 
d-\-d-T ~ 0, is not compatible with the equation for anymore, because of 
the explicit appearance of the warp factor depending on the radial direction e^"^. 
We can rephrase this obstruction in a more geometrical language, by observing 
that in AdS there is no globally defined null Killing vector. The norm of a 
would-be null Killing vector is proportional to e^*^, which vanishes near the AdS 
horizon 4> = —oo. 

One might try a different approach and, after fixing the K-symmetry, solve 



first the constraint (81 1 in terms of a generic function /(cr, t) as 



e^^d,X+ =g,~dkf . (82) 
y9 

This is just a field redefinition, since the GS action in the K-symmetry light-cone 
gauge depends on only through the combination e'^'^diX^ . Then one fixes 
the reparametrization invariance by choosing 

=diag(-e-2^e2*) . (83) 



It turns out that the gauge ( 83 1 is compatible with the special choice f = a 



and X^ = T in (82 1, so that the kinetic term for the remaining fermions, 
schematically of the form 9D6, is non-degenerate, i.e. it does not depend on the 
AdS background variables. 



The gauge choice (83), unlike the naive light-cone gauge, is consistent even 
in an AdS background, but it leads to two problems. Firstly, the resulting 
sigma model is defined on a curved worldsheet geometry, where the worldsheet 
metric is related to the radial profile in AdS and one looses the two dimensional 
Lorentz symmetry. Secondly, the resulting action is an interacting sigma model: 
unlike the light-cone action in flat space, it cannot be quantized in terms of free 
fields. It remains an open problem to find a change of variables that may lead 
to further progress in the quantization. 

Despite these difficulties, it has been recently shown that one can extrapolate 
the spectrum of perturbative strings by first quantizing the sigma model around 
a semi-classical string with energy of order 0{Xt) and large spin and/or R- 
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charge, and then take the hmit in which spin and/or R-charge become of order 
one. This extrapolation to the perturbative string regime reproduces the results 
that we will discuss in Section [5] where we will compute the perturbative string 
spectrum using the pure spinor formalism. It is an open problem to understand 
why this limit is valid. 

Having seen that the GS sigma model is hard to quantize around empty 
AdS, we turn now to the study of the pure spinor sigma model. 

3.1.2. Pure spinor 



The pure spinor action in a general background is given by (51 1, that we can 
rewrite schematically as 

S = Sgs + St^ + Sghost ■ (84) 



By plugging the values of the background fields ( 73 1 , ( 74 ) , ( 75 ) , together with 
the super- vielbeins and the spin connections, we specialize the pure spinor action 
to the maximally supersymmetric AdS^ x S^. The first term is the Green- 



Schwarz action ( 76 ) in conformal gauge 



The fermionic part of the action, antisymmetric in the worldsheet index, is 
usually called the WZ term and it does not provide a kinetic term for the 
fermions. The second term is the coupling to the background super- vielbeins 
and the RR superfield P"" of the conjugate momenta to the 6''s, which breaks 
K-symmetry of the GS action and introduces a kinetic term for the fermions 

?2 



S. = ^ j d'z (dj'^ + d&r + dj&r]° 



The matter part of the action contains the coupling of the dilaton to the world- 
sheet curvature through the Fradkin-Tseytlin term, but since in the AdS^ x 
background the dilaton is constant, we will not write it explicitly. The last 



term in ( 84 1 contains the action for the ghosts and their coupling to the spin 
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connections and the Riemann curvatur^f] 

Sgkost j d'^Z {-Wai^Xr + U'a(VA)" - ]^{N'''Nab - N^'^'Na^b') ) , (85) 

where 



(VA)" = dX^ + IJabir'X)'^ + IJa'b'ir'^'X)'' , 

and {N, N) are the Lorentz generators m the ghost sector, defined in Since 
the RR superfield is a rank sixteen matrix, the d's are auxihary fields and we 
can integrate them out upon their equations of motion 

obtaining the final form of the pure spinor action 

^-^1 (^Irj'vab - IvapJ^'J^ - Iva'^J^'J'^)) + SoHost ■ (87) 

The asymmetry in the factors 1/4 and 3/4 in front of the fermionic terms is 
easily understood. It is just the sum of the WZ term in the GS action, which 
carries a 1/4 factor, with the kinetic term for the fermions —ilap'^°''^^' coming 
from integrating out the auxiliary variables da and da- 



The action (87) is invariant under the BRST transformations generated by 



Q= <f dzX°'da + j dzX"da ^- j dzX°'.rr]aa + j dzX^Triaa , 

and under the local Lorentz symmetry 5*0(1, 4) x S0{5) and the global PSU{2, 2|4) 
supergroup. We postpone the discussion of the action and its symmetries to the 



next section, in which we will arrive at (87) from a supercoset construction, that 



will give us a deeper insight into the geometry. 

*We rescaled the d's by (gsNc)^^^ , the Lorents generators for the ghost by (gsNc)^^'^ and 
the matter currents as in 17611. 
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3.2. Supercosets 



In this section we will rederive the pure spinor action ( 87 1 using a supercoset 
construction. The maximally supersymmetric type IIB background AdS^ x 
is described by the supercoset 

G _ PSU(2,2\A) 

H ~ SO{lA) X SO{5) ■ 

After reviewing the salient features of this supercoset, we will introduce the 
superstring sigma model and discuss its local and global symmetries. The crucial 
ingredient will be the presence of a Z4 automorphism of the psu{n,n\2n) super 
Lie-algebra, whose invariant locus is the gauge symmetry group H. The same 
Z4 grading will be used later in Section [6] to prove the integrability of the sigma 
model. 

The supergroup U{m\m) can be represented in terms of the m\m complex 
unitary supermatrices. Its bosonic subgroup is U{m) x U{m) and the fermionic 
generators transform in the (m ® rh) © (m m) . Its Lie superalgebra Q admits 
a representation in terms of supermatrices 

^ " ( y B ) ^^^^ 

where A and B are bosonic hermitian matrices and X, Y are fermionic matrices. 
We can define the supertrace operation by 

StrM = TrA- (-)'^'^9(A/)TrB , 

where deg{M) = Q li A, B are bosonic and one otherwise. The supergroup can 
be decomposed as U{m\m) = PSU{m\m) x U{\)y x U{1)d, where the 2to^ — 2 
generators of PSU{m\m) are the traceless and supertraceless ones, that we 
denote Ta, while the two remaining generators are 
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where Y, usually denoted hypercharge, acts as an outer automorphism and I, 
generator of the diagonal U{1)d, is a central extension 

[TA,Tji} ^ F^gTc + dABl , 

[Y. Ta] = C|Tb , (90) 
[Y,I] = [I,Ta] = . 

Imposing the condition Str M — removes Y and gives the superalgebra of 
SU {m\m) . If we quotient the supergroup by the action of I we get the super- 
group denoted by PSU{m\m). One can still define the superalgebra psu(TO|m) 



by the supermatrix (88), subject to the condition Tr A = Tr B = 0. Since 
it is not possible to represent this last condition in a PSUlmlm) invariant 
way (which would involve super-traces, super-determinants or super-matrix re- 
lations), this superalgebra does not admit a matrix representation; instead, we 
realize it by a coset construction as we just described. 

The superalgebra psu(2n|2n) admits a Z4 automorphism generated by 

/ JAKJ -JY^J \ f 

n{M) =\ \ , j = 

y jx^j jB*j J 

which splits the superalgebra into its four eigenspaces 

g = ni®'H2®'H3®n4 , (9i) 

where n{7ik) = i^'Hk- The fcrmionic generators belong to "Hi and and they 
are related by hermitian conjugation {T-Li)^ = H3. This last fact will imply that 
the left and right moving pure spinors in the AdS background are the complex 
conjugate of each other and will bear important consequence for the scattering 
amplitude computations. 

The invariant locus of this Z4 automorphism is given by the bosonic subal- 
gebra usp{2n) x usp{2n). Since the Z4 grading is an automorphism of the Lie 
superalgebra, we have that 

[Hk..Hi} cHk+i mod4. 
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and it is compatible with a supertrace operation 



Sti HkHi = unless fc + / = mod 4 . 

Let us specialize to the supergroup PSU{2, 2|4), whose bosonic subgroup is 
5*0(2,4) X 5*0(6). The invariant locus of the superalgebra under the Z4 auto- 
morphism is Hq = 50(1, 4) X 50(5) and the bosonic part of the ten dimensional 
geometry of AdS^ x 5^ is described by the coset 

50(2,4) 50(6) 
50(1,4) ^ 50(5)' 

We divide the psu(2. 2|4) generators in the fundamental representation accord- 
ing to their grading. Hq = {T[ab]jT[a'b']} are the generator of the Lorentz 
group, where a, a' = 1, . . . , 5 are indices in the fundamental representation of 
50(1,4) and 50(5) respectively. The other bosonic generators are the ten 
H2 = {Ta,Ta/}, which generate the translations along AdS and the five-sphere 
respectively. Finally, the thirty- two fermionic generators are Hi — {Ta} and 
7^3 ~ {Tq}, where a,a = 1, . . . , 16 are ten dimensional Majorana-Weyl spinor 
indices (they both have the same chirality, as required by the type IIB super- 
space). The relation of this ten dimensional notation with the supermatrix 



representation in ( 88 1 is schematically X = + iT^ and Y = Tq, — iTa ■ The 



non-vanishing supertraces of the generators are 



StrT„Tb = ry„b , Str T^'Tfe. = 



6' 



StrTafeTcd = ^ValcVd]b : StrTa'b'Tc'd' = -^Sa'[c'Sd']b' , 

StrTfjTc, — StrX^To, = '7qq i 
where rjaa is numerically equal to the identity matrix and is the object we defined 



in ( 73 ) . The supertrace of the generators in the fundamental representation 
StrT^Ts = rjj^B defines the metric on the supergroup. The non- vanishing 
structure constants of the psu(2, 2|4) superalgebra are given in Appendix B. 
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3.2.1. Green-Schwarz 

Let us construct the GS sigma model on the supercoset G/H, where the 
supergroup G admits a Z4 automorphism, by gauging its invariant locus, whose 
superalgebra is Consider the maps 

g(cT,T) :I]^G/iJ , (92) 

from the string worldsheet to the supercoset. The coset element transforms as 

g{(j, t) gog{a, T)h{a, r) , (93) 

under the global go G G and local /i((T, t) H symmetry transformations. 
The pull-backs on the worldsheet of the target space superviclbcins are the 
Maurer-Cartan one-forms J — g~^dg, which are invariant under the global 
symmetry that acts by left multiplication by a constant group clement. The 
Maurer-Cartan currents take values in the Lie superalgebra of G and can be 
decomposed according to their Z4 grading 

J = Jo + Ji + J2 + J3 • (94) 

They satisfy the Maurer-Cartan equation 

dJ + JAJ = 0, (95) 

which split according to the Z4 grading of the generators and, in conformal 
gauge, read 

dJo - dJo + [Jo, Jo] + [Ji, J3] + [Ji. Ji] + [J2, J2] = , 

VJi-VJi + [J2,J3] + [J3,J2]=0, (96) 

VJ2 + VJ2 + [Ji, Ji] + [Js, J3] = , 
VJs + VJs + [Ji, J2] + [J2, Ji] = , 

where VJ, = dJi + [Jo, Ji]. We would like to gauge the part of the super- 
group which is generated by Ho under its right action g{a) — )■ g{a)h{a). While 
Ji, J2, J3 transform by conjugation J — >■ h~^Jh, or infinitesimally 

6J = dA+[J,A] , AgHo, (97) 
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the grading zero current transforms inhomogeneously as Jq — )• h~^Joh + h~^dh. 
It is then clear that any gauge invariant lagrangian on the supercoset is given 
by a bihnear in the currents, whose total grading charge vanishes and does not 
contain Jq. 

Using these ingredients, let us first construct the Green-Schwarz action on 
the supercoset. We have a kinetic term for the bosonic currents J2, but we 
cannot allow a kinetic term for the fcrmionic currents, which would break re- 
symmetry. The fermionic currents can only enter through a Wess-Zumino term 
and the sigma model action is given by 

Sgs= I J Str ( J2 A * J2 + Ji A J3) (98) 



which is a particular form of ( 50 ) . The coefficient of the WZ term is fixed by 
K-symmetry, as we will shortly check. The slightly unusual feature is the form 
of the WZ term, that we will now discuss. 

A sigma model on a supergroup manifold G admits a WZ term constructed 
from a closed three- form, whose pull-back is written in terms of the Maurer- 
Cartan currents as 

17(3) = Str J A (J A J) = VabISdJ"^ ^ {J^ ^ J") ■ 



The three-form is closed because of the Maurer-Cartan equation (95) and the 
Jacobi identity on the structure constants . The WZ term is the integral of 
on a three dimensional manifold, whose boundary is the string worldsheet. 
Because the three-form is closed, it is possible to write it locally as a two form, 
then we can write the WZ term as a regular integral on the two-dimensional 



worldsheet as in (50). In the case in which the target space is not a supergroup, 
but a supercoset equipped with a Z4 automorphism, we can readily write down a 
WZ term by using the fact that the gauge invariant operators have total grading 
zero and do not depend on Jo . The three-form n'^'^^ = Str [( Ji A Ji — J3 A J3) A J2] 
takes values in the supercoset and it is exact due to the Maurer-Cartan equations 



(96), hence 17(3) ^ ^^(2)^ ^^^^j.^ ^(2) ^ g^^. ^ 
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Another way to understand the two dimensional WZ term in the AdS back- 
ground is the fact that in such background there is one tensor with the correct 
spinor indices, namely the inverse of the RR flux rjaa, that yields a grading 
zero term in the action. Hence, the only possibility for a WZ term is the form 



Vc.&^^'JtJj' in (|76l 



The coefficient of the WZ term is fixed by requiring that the GS action 



(98) is invariant under Siegel's K-symmetry transformations. It is convenient to 



parameterize the K-transformation by 



iM 



where the index M runs over the target superspace indices and are the 
superspace coordinates, while i ~ 1, . . . , 3 denotes the Z4 grading. Since Ji = 
dX^'^ JiM we obtain the following transformations of the currents 

(5k Jo = dSi^xo + [Jo, SkXo] + [Ji,S^X3] + [J2, 3,^x2] + [J3, (^kXi] , 

6^Ji = dS^Xi + [Jo, S^xi] + [Ji,S^xo] + [J2, (5„a;3] + [J3,^kX2] , 

5k J2 = dS^X2 + [Ja,SKX2] + [J2,S^Xo] + [Ji, 6,^X1] + [J3,Sf,X3] , 

SkJs = dSi^xs + [Jo, 6^x3] + [Ji, 6,^x2] + [J2,Si^xi] + [J3, (JkXo] . 

Using these transformations and taking into account the Maurer-Cartan equa- 
tions, the K-transformation of the action is 

SkSgs = IJ d^crStr (e'^d^iJajd^xi - Jij^K^a) + 5n{^/9g'^)J2iJ2j + 

+ '^y/g9'^{J2idjS,,X2 + [J2.,, Joj]SnX2) + <^'^ {[Ju, Jlj] 
-[J3^, J3j])S^X2 - 2(V55*J + e'l)[Jlj,J2r]S^Xi + 2(^g»J" 

-e'')[J2^.J33]S.X3^ . (99) 

The K-transformation is parameterized by 

SkX2 = , (JkXi = [J2t, K.I] , S^Xs = [J2j, k\] , (100) 
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where k\ € H3 and k\ E Hi- By substituting this and expressing the resuh in 
terms of the structure constants and the Cartan metric 77 one finally has 

S.Sgs = -J<Pa Str [e'^9,( Jsj^^a^i - Ji^S^x^) + 5^{^g'^)rjabJ^4j + 

+ ^MP+^p,3fLfLJ?j4'' - P'^V00fLfLJiA")J2^J2k\ (101) 

where we have defined the projectors — \{g^-' ± ^^*"')- Since S^iy/gg^-') 
must be symmetric and traceless and not Lie-algebra valued, we have to require 
that 

Vf30f&iafb)c. = CcaVab (102) 

for some matrix Cqq,- Then one obtains 

which is automatically symmetric in a and b if we require that 

Ki = Pj! Klj , Kg = P^ K^j 

since P^^'P^ = P^'^P^. It is also traceless because P^^kij = Pi^ n^j — 0. 



The relation (102), required for K-symmetry, is a condition on the structure 



constants of the supergroup, listed in [Appendix C which can be easily checked 



to hold. By making use of the Bianchi identity for the torsion and the expression 



for the super B- field (74 1, one can translate this condition to a constraint on 
the supergravity background {"f{a)a]i{lb))a'jP^^ = Ca&Vab- It is straightforward 
to check that this holds in our supergravity background with Caa — Vaa- 

3.2.2. Pure spinor 

The worldsheet action in the pure spinor formulation of the superstring con- 
sists of a matter and a ghost sector. The worldsheet metric is in the conformal 
gauge and there are no reparameterization ghosts. The matter fields are written 
in terms of the same left-invariant currents J ~ g^^dg that appear in the GS 



action (98 1. Wc just need to rewrite the ghost variables in a way adapted to 
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the supercoset construction. The Lie algebra-valued pure spinor fields and their 
conjugate momenta are defined as 

A = A"T„ , W = WaV""Ta , A = X"Ta , w = Wa?7""T„ (103) 

Just as for the matter variables, the spinor indices in the ghost sector are un- 
hatted for the left moving quantities and hatted for right moving ones. Using 
these conventions, the pure spinor Lorentz generators N"''' = ^{wj°-''X) and 
their hatted sibling take the form 

N^~{w,X}, N = -{w,X}. 

They generate the Lorentz transformations on the pure spinor variables that 
correspond to multiplication by elements of H. N,N £ Hq so they act as 
Lorentz transformations on the tangent-space indices a and a of the pure spinor 
variables. The pure spinor constraints read 

{A,A} = 0, {A,A} = 0. 

The sigma-model is invariant under the global transformation g — > g^g, 



go £ G. The sigma-model is also invariant under the gauge transformation (97 1 
and the analogous ones acting on the ghosts 

5aA = [A,A] , Saw=[w,A], (104) 
(5aA = [A, A] , Saw = [w,A] , 

where A S "Ho- Moreover, it is invariant under the gauge transformation on the 
antighosts (generated by the pure spinor constraint) 

Sw^[x,n2], Sw^[x,Ci2], (105) 

where = ^^2^a is an arbitrary function. 

The BRST operator for the pure spinor sigma model on our supercoset is 

Qb = - jdzSii (AJ3) + jdzStv [XJ^ . (106) 
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It acts on the supercoset element as a derivation 

Qb 9 ^ 9{X + >') , 
and on the Maurer-Cartan currents as 

5bJ]= 5j+3,orf(eA) + [J,+3,eA] + 5j+i,od(eA) + [J,+i,eA], (107) 
6bw — —J'i^, Sbw — —Jie, (108) 

SbN= [J3,eA], SbN =[Ji,eX\ , (109) 

where we defined Sb = [eQ s , •] • 

The coefficients of the various terms in the action are determined by requiring 



that the action be BRST invariant (the details can be found in Appendix D.2) 
The BRST-invariant sigma-model thus obtained is 

i?^ /■ „ /I . ^ 1 . T 3 



J d^zSti {^J2J2 + ^JiJs + ^JsJi + wVX + wVX - iViv) , (110) 



where the covariant derivatives are defined in ( 86 ) . 

It is worth explaining a subtlety related to the index contractions. The ghost 
part of the action reads explicitely 



Sgh - Sflat + {NabJo' + Na'b'Jo"' + NabJo' + Na'b'JS"' (HI) 

+ NabN'''' - Na'b'N'''''' ) . 

Note the relative sign in the contraction of the pairs of indices [ab] and [a'b'] in 
the last two terms as opposed to the other terms. The reason is the following. 
The term StrA^ Jg comes from the covariant derivative acting on the spinor A 

StriVJo = Str«;[Jo, A] = Wa[{Tab)p'''' - (r,.b0^f^°''']A'^ , 

where is the spin connection and its indices have been contracted using the 
supermetric ?7[ab][cd]. The generator of the Lorentz group 50(1,4) x 5*0(5) in 
the adjoint representation is given by the structure constants, namely {Tab)^ = 
+ 5(706)/?" and {Ta'b')^ = -KTa'b')/?"- The minus signs in the generators 



cancels the minus sign in the supermetric. The last two terms in (111), on the 
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other hand, do not come from any covariant derivative, but are the couphng to 
the curvature, which is given just by the supermetric, so a minus sign appears. 

The equations of motion of the currents Ji are obtained by considering the 
variation 5g ~ gX under which 5 J = dX + [J, X] and using the Z4 grading and 
the Maurer-Cartan equations, so that we get 

V J3 - - [ Ji , J2] - [J2 , Ji] + [N, J3] + [N, J3] , 

V Ja = [N, J3] + [N, J3] , 

V J2 - -[Ji, Ji] + [N, J2] + [N, J2] , (112) 

VJ2= [J3,J3] + [^,J2] + [iV,J2] , 

V Ji = [N, Ji] + [N, Ji] , 

V Ji = [J2, J3] + [J3, J2] + [N, Ji] + [TV, Ji] , 

where VJ = dJ+ [Jq, J] and VJ = 9J+ [Jq, J] are the gauge covariant deriva- 
tives. The equations of motion of the pure spinors and their Lorentz currents 
are 

VA= [N,X], VA-[7V,A], 

Vw= [N,w] , \7w^[N,w], (113) 
VN = -[N, N] , VN = [N, N] . 



Let us briefly comment on the relation between the pure spinor action (110 1 



and the GS action ( 98 ) . The latter, when written in conformal gauge, reads 



j^2 r , Y ^ ^ 

Sgs = ^ / d^zStr [^-h-h + ^-h-h - ^-hJi 

To this one has to add a term which breaks K-symmetry and adds kinetic terms 
for the target-space fermions and coupling to the RR-flux P"" 

where, in curved backgrounds, the d's are the conjugate variables to the super- 
space coordinates 0's. After integrating out d and d we get the complete matter 
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part 

i?^ [ /I - 1- 3-\ 

Smatter = Sas + '^'^ ^ ^ / "^^^^tr [ij^'hJi + -^'hJz + 4'^3>/ij • (114) 

This sigma-model can be recognized as taking the same form as the sigma- 
model for the compactification of type II superstring on AdS2 x 5^ x CYs in the 
hybrid formahsm. It is a general fact that the matter part of the hybrid and 
the pure spinor formahsm is the same. As usual this has to be supplemented 
with kinetic terms for the pure spinors and their coupling to the background 



(111), in order to obtain the full superstring sigma-model (110 1 with action 
S — Sgs + Sk + Sghost- 

3.2.3. Lower dimensions 

There are many superstring theory backgrounds supported by RR flux that 
are described by covariant sigma models on supercosets. Some of them are 
critical ten dimensional backgrounds, for which there exists a weakly coupled 
supergravity regime, while others are genuine non-critical string theories, for 
which no supergravity regime exists, namely the spacetime curvature is of the 
order of the string scale (required to cancel the worldsheet Weyl anomaly). In 
the case in which the relevant supercoset admits a Z4 grading decomposition 



(91), whose invariant locus is gauged, then we can use the formalism developed 
in the previous section to write down their sigma model action. 

The first example is the AdS/CFT correspondence between three-dimensional 
M = Q Chern-Simons theory with bi-fundamcntal matter and type IIA super- 
string theory on AdS/i, x CP^ with RR two- and four-form fluxes. The full type 
IIA worldsheet action is not a supercoset. However, one can partial fix the 
kappa-symmetry of the GS action and reduce it to a sector which is described 



by the supercoset 

AdSi X CP'^ ® 24 fermions 



3^0. . Osp(6|4) 



S'0(l,3) X J7(3) ' 

The following backgrounds arc interpreted as the non-compact part of a ten- 
dimensional type II background AdSp x x M^^p, where M^^p is a Ricci flat 
manifold of complex dimension 5 — p. 
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1. AdS2 X S'^ with RR two-form flux, realized as 
AdS2 X ®8 fermions : 



C/(l) X {/(I) 

2. AdS^ X with RR three-form flux, reahzed as 



AdS3 X © 16 fermions 



S'0(l,2) X SO{3) ' 

The action for the matter part of these two sigma models is the same as the mat- 



ter part of the action ( 110 ), where the currents take values in the corresponding 
supercosets. For the ghost sector, one can add the relevant hybrid action, or 
a lower dimensional pure spinor action. In the latter case, the full action is 



formally the same as (110), including the ghost sector, where the currents and 
the pure spinor variables take values in the appropriate supercoset. 

The following backgrounds are interpreted as non-critical superstrings. The 
AdS2n backgrounds with spacefilling RR-flux, realized as 



AdS2 © 4 fermions 



AdSA © 8 fermions 



AdSe © 16 fermions 



Osp(2|2) 
S'0(1,1) X 5-0(2) 

Osp(2|4) 
50(1,3) X 50(2) 

m 



50(1,5) X SL{2) 

describe type II non-critical superstrings in 2n dimensions. These backgrounds 
are not super Ricci flat, and a non- vanishing string scale curvature is needed 
to cancel the Lioville central charge, which is non-zero when the target space 
dimension is sub-critical. 

Guide to the literature 

An introduction to supergroups and super Lie-algebras can be found in the 
comprehensive reviews |691 170j . 

The Grecn-Schwarz action on the AdS^ x 5^ background was introduced by 
Metsaev and Tseytlin in , where the supercoset nature of the background was 
thoroughly exploited. The GS was found to be kappa-symmetric in |71| . The 
issue of fixing the light-cone gauge in two-dimensional sigma models is discussed 



55 



in general in [7? and in the particular case of AdS^ x in [73] . An exhaustive 
treatment of the GS action in AdS and its semi-classical quantization in the 
light-cone gauge can be found in the recent review |74j . where its applications 
to the AdS/CFT correspondence are analyzed in great details. 

The complete pure spinor action in ^^5*5 x was derived in [121 EH] ■ The 
matter part of such action is the same for any supercoset that admits a Z4 
grading and coincides with the one for the hybrid formalis, which appeared in 
[7BJI77], before the advent of the pure spinor formalism. The full GS action on 
the AdS4 X CP'^ background is given in [78] and its subsector, which is described 
by a supercoset, can be found in [751 HO] for the GS action and in [ST] for the 
pure spinor action. Actions on lower dimensional supercoset backgrounds are 
constructed in [SH |S3] . An alternative formulation of GS on AdS2 can be found 
in [H. 
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4. Quantum effective action and conformal invariance 

The pure spinor sigma model contains kinetic terms for both fcrmions and 
bosons and it is in the conformal gauge on the worldsheet. It is suitable for 
quantization, which wc will now perform in order to evaluate the quantum 
effective action at one-loop. The salient features of the sigma model that we 
will extract from the effective action are the following: 

1. Absence of divergent terms. This implies that the beta functions vanish 
and the theory is conformally invariant at one-loop. This is no surprise 
of course, since one-loop beta functions are as usual equivalent to the 
background supergravity fields be on-shell. 

2. All the finite terms in the effective action are local. This means that 
they can be removed by adding local counter-terms. This fact has two 
important consequences. First, gauge or BRST anomalies are absent, 
that would arise as non-local terms that are not gauge invariant or BRST 
invariant. Secondly, the AdS radius is not renormalized, as opposed to 
what happens in bosonic WZW models. 

In the first part of this Section, we use the background field method to 
compute the one-loop IPI effective action and prove these statements. The 
background field expansion is useful to perform perturbative computations in 
the sigma model, such as to compute the energy spectrum of string states. 

In the rest of the Section, we derive some interesting results using this for- 
malism. We show that the stress tensor has zero central charge at one-loop. 
Then we compute the algebra of OPE of the worldsheet left-invariant currents 
and find that it is not a chiral algebra, but left- and right-moving currents mix 
in the OPE. Finally, we extend the proof of conformal invariance and absence 
of BRST and gauge anomalies to all loops in the sigma model perturbation 
theory. In [Appendix D we derive several results pertaining this Section, that 



we omitted from the main discussion to ease the reading. 
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4.1. Background field method 

Let us review the computation of effective actions in the closed bosonic 
and RNS string. We will set the notations and show why the bosonic string 
renormalizes, while worldsheet supersymmetry protects the metric from a' cor- 
rections at one-loop in the RNS formalism. We will then apply the background 
field method to the superstring sigma model in AdS. 

4.1.1. Bosonic string 

The bosonic string in a curved background is (we are assuming that Byjin — 

0) 

Sboe= j d^z[dx^dx^G{x)mn]. (US) 

In the covariant background field expansion we fix a classical solution of the 
worldsheet equations of motion xq and expand around it in quantum fluctuations 
X, 

Shoe = ^0 + J d^z [rjabVX'^VX^ + ...] , (116) 

where ... are terms depending on the curvature, VX" = dX'^ + A'^^Xb, A"^ = 
dx'o'u)^ and is the spin connection. When one uses the normal coordinate 
expansion within the background field method, local Lorentz invariance is used 
to fix the spin connection to zero. In this case the resulting effective action 
will not be manifestly invariant under this symmetry. We then have to check 
whether the effective action is not anomalous under this symmetry. 

The classical worldsheet action is conformally invariant. This classical sym- 
metry might be broken at the quantum level, by a conformal anomaly arising 
from the regularization of the divergent diagrams. To check that conformal 
invariance persists in the quantum theory, we need to evaluate the effective 
action and, in particular, its divergent part. The computation of the effective 
action at one- loop order proceeds as follows. First we observe that, by simple 
power counting arguments, the only UV divergent terms will be the ones with 
two external background currents A"*" or A'^^. The propagators are l/p^ while 
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(a) (b) 



Figure 1: Diagrams (a) and (fe) correspond respectively to the first and second term in | |117| . 



the insertion of a current carries at most one derivative, so the terms with two 
external currents will be log divergent in the momentum cutoff. There are two 
kind of terms that we need to compute, schematically 

Seff = J (fz{£irit{z)) - ^ j (fz J (fw{Cint{z)Cint{w)} , (117) 

where Cint denotes the interaction part of the lagrangian inside the square brack- 



ets in (116 1, and (•) denotes functional integration over the fluctuating fields. 
The first term {Ci„t{z)) corresponds to the normal ordering of the composite 
operators in the lagrangian: it is just given by the one-loop self energy of the 
fluctuations at the same point, in operators with two external currents inserted 
at the same point (diagram (a) in Figurejl]). The second term {Lint{z)Cint{w)) 
corresponds to the one-loop fish diagram generated by the contraction of the 
operators with one external current (diagram ib) in Figure [I]). 
The effective action is 



1 Unh, NT / N /In |Z — 1 , 
-A-\z)Aab{w)(-^ rf + -) + 

4 (2; — wy yz — wy 

-\A'^\z)Aab{w){ . ^ . -5{z^w)\n\z~w\')]- \ [ zA-'>{z)Aab{z)\n{0). 
2 \z — w]'' 2 J 

It is not clear upon inspection which terms above are finite or divergent. Also, 
we have the usual complications due to infrared divergencies. To clarify the 
interpretation, we will transform the above two point functions into loop inte- 
grals in the momentum space. We perform the loop integral using dimensional 
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regularization adding a small mass m to the X" fields in order to regularize 
IR divergencies. All the UV divergences cancel, and the dependence on the 
dimensional regularization mass scale is an infrared effect, so we can identify 
the mass regulator m with fi. In order to simplify the calculation, we build a 
dictionary between the above two point functions and the corresponding result 
of the integration over the momenta]^ 

P 
P 

- -^(l + 21n(^)), 
P A* 

o -?(l + 21n(^)) , (119) 
P A* 





— U')2 
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— wy 
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- wY 


\n\z 




(z- 


- w)"^ 
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\z 


— lup 



o l + i-21n(^) 



~\n\z — w\^5{z ~ w) ^ 1 + 

e 

- ln(0) O - . 

e 

In momentum space the effective action is 



(120) 



As anticipated above, UV divergent terms, which would be proportional to 1/e, 
are absent. The one-loop beta function is proportional to such terms and, hence, 
it vanishes. As explained in the footnote above, we ignored all IR divergent 
terms proportional to In(i^). Even though UV divergent terms are absent, 
there are finite renormalization terms, which depend on the pull back of the 
spin connection A"-'' = Due to the explicit dependence of these finite 

I 1^ 

^We can ignore terms like ln(J^^). These terms are an infrared effect. They reflect the fact 
that X" is not a primary fields. It is expected that after summing up the entire perturbation 
series these terms vanish 1851. 
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terms on A"''', they could in principle affect the gauge invariance of the effective 



action. The first two terms in (1201 are gauge invariant, but the last term is 
not. Since this last term is local it can be removed, as usual, by adding a local 
counter-term, that will restore gauge invariance. We conclude that there is no 
anomaly in the gauge invariance. The local counter-term that restores gauge 
invariance is just a redefinition of the target space metric 

and the new metric now has a gauge transformation 

Note that the new one- loop counter-term explicitly contains a factor of a'. The 
new gauge transformation of the metric compensates the gauge transformations 
of the finite renormalization terms, restoring the gauge invariance of the full 
effective action. The anomaly is trivial, this is the reason why we can fix the 
connection to be zero when using normal coordinates. To compute higher a' 
corrections in this scheme, e.g. to compute scattering amplitudes or beta func- 
tions, we have to take into account this a' correction to the classical action. 
The conclusion is that once we choose a scheme of computation, in this case 
without fixing the connections, we cannot ignore the finite local counter-terms 
in the classical action, even when the anomaly is trivial. 

4.1.2. RNS string 

Let us see what happens in the RNS formalism. Its action in a curved 
background is 



Srns = I (fz 



(ax™aa;" + + ^V^™5^"+ (121) 



^V"r^p(x)axVP + lr'r^pix)dx''r)GixUn + lR„i'"'rrr 

Again, we fix a classical solution of the worldsheet equations of motion (xq, "iAoi "^o) 
and expand around it in the corresponding quantum fluctuations {X, ^P, ^f). 



Srns — So + I d'^z 
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where ... are terms depending on the curvature. We can compute the effective 
action just as in (117): we evaluate diagrams with two background fields A'^^, 



by integrating over the quantum fluctuations. The effective action is just 

i I d^k[-A-\-k)Aab{k)] , 

where again we ignored the IR divergent terms (such terms would be gauge 
invariant anyway). Non-local terms cancel due to worldsheet supersymmetry. 
There are no divergent terms either, i.e. the beta function vanishes. We have to 
add a local counter-term to cancel the anomalous variation of this term. We see 
that in the case of RNS superstring, even without gauge fixing the connection, 
there are no finite counter-terms in the effective action. 

In the case case of Type I or Heterotic string we would have the usual 
local Lorentz anomaly that appears because we have only left moving fermions, 
which can be canceled by a variation of the B field. In coset models, like the 
superstring in AdS^ x space, it is useful to keep the connection unfixed since 
this simplifies significantly the background field expansion. 

4- 1.3. AdS^ X Sigma model 

The first step in the quantization is to expand the coset element in fluctua- 
tions around a classical conflguration. Let us pick an element g = ge'^^^, where 
g represents a point in the coset and the X^s are the fluctuations around that 
point. We will expand the sigma model around the point g: since the sigma 
model coupling is the inverse of the AdS radius R, we are expanding locally 
around flat space. The functional integration is performed over the fluctuating 
fields. In this subsection we consider the matter part, which is the same for 
the pure spinor as well as the hybrid formalism. In the next subsection we will 
discuss the ghost part of the effective action. 

Let us consider first the matter part of the action. By using a gauge transfor- 
mation g -> ge'^° , with h E "Ho , we can choose a gauge such that the fluctuations 
do not depend on the grading zero part, i.e. X E G\Ho. The Maurer-Cartan 
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form can be expanded around the classical configuration g 

J = e-^/« Je^'/i? + ^-x/R^^x/R ^ (122) 

where J = g~^dg is the background current, and its components can be isolated 
according to their grading 

J|, = J|, + i(dX + [J,X]) U + ^[dX+[J,X],X^ |,+0(i?-3) ,(123) 

where i = 0, . . . , 3 and we choose the gauge Xq = 0. 



When we plug the expressions ( 123 1 into the matter part of the action ( 114 1 
we get a certain number of terms, that we expand in powers of the fluctuating 
fields. The terms which do not depend on the fluctuations correspond just to 
the classical action, written in terms of the background currents Ji. The terms 
linear in the fluctuations do not contribute to the effective action, so we are 
only interested in the terms quadratic in the fluctuations. Upon performing 
the functional integration, these terms will produce functional determinants 
depending on the background currents, that we can express in an appropriate 
form to represent the effective action. 

The terms in the action which are quadratic in the fluctuations separate into 
kinetic terms for the fluctuations and terms that depend on the background 
currents. The kinetic terms are 

^kin = J cPzStr + ^VXiVXa + ^VXaVXi^ , (124) 

where the covariant derivative VXi = dXi + [ Jq, Xi] depends on the background 
gauge current. In the following, to avoid cluttering the equations we remove the 
tilde from the background currents. We can read off the free field OPE's of the 



fluctuations from (124) 

xHz)Xf{Q)^ ^r,B^\og\zW (125) 

For convenience, we will collect the terms that depend on the background 
currents into three parts. We will put in Si all the terms that contain either J2 
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or J2 or both 



Si^ /d2^Str(ij2[Xi,VXi] + ij2[X3,VX3] (126) 



We will put into Su all the terms that depend on Ji or J3 or both 

Sii = J (PzStY (|Ji(3[Xi, VX2] +5[X2,VXi]) + |J3(3[X3,VX2] 

+5[X2, VX3]) - \.h [[.h,X2],X2] (127) 

+ iJl [[J3,Xi],X3] - iJi [[J3,X3],Xi]) . 

Finally, we collect in Sm the terms that depend on J3 or Ji or both 
Siii = / d^zStr (iJi([Xi, VX2] - [X2, VXi]) + |J3([^3, VX2] 

-[X2,VX3]) + iJl[[J3,X2],X2] (128) 
+ |Jl [[J3,^l],^3] + -Jl [[J3,^3],^l]' 

4-2. Effective action and conformal invariance 

Everything is in place now to compute the one-loop effective action. There 



are two kinds of terms that we need to compute, looking back at (1171. The 



terms contributing to (C{z)) are the second lines in (126), (127) and (128). The 
terms contributing to {C{z)C{w)) are the first lines in (126), (127) and (128). 

In this section, wc will compute the effective action, extract the divergent 
terms and show that they vanish. This proves that the theory is conformally 
invariant. In the next section we will discuss the leftover finite renormalization. 

The philosophy of the computation is the following: once we have fixed the 
coefficients of the operators in the action by classical BRST invariance, then the 
matter part and the ghost part of the action will be separately conformal invari- 
ant. For the matter part, the divergent contributions to the IPI are proportional 
to the classical action itself, times the second Casimir of the supergroup C2{G), 
which vanishes for the PSU{2, 2|4) supergroup 

c (G) 

'S'lPllmattcr = [1 Z log(A/^)] S'c( | matter — •S'czlmattcr • (129) 

47r 
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The ghost part of the action again has a IPI action proportional to the second 
Casimir as well, so it is not renormalized 



'IPI eh 



digh 



C2(G) 

An 



log(A/Ai) / d^^Str (iV,j7Ve/) 



digh • 



(130) 



Even though all the divergent contributions cancel, there will be finite terms 
generated. We will discuss that at the end of this section. 

Matter 

Let us work this out explicitly for the part of the effective action generated 



by (126). The structure constants fg^ of the psu(2,2|4) superalgebra can be 
found in [Appendix C.3| We will summarize at the end the contributions of the 



other parts (127) and (128). Working out the supertrace in (126) we get the 
lagrangian 



The self energy contribution is 



(Cl) - \J2J2 {{^2^2) fbl"^ I a[ef]d - \{Xl^3)ifbafaP& ~ /fa/a/3a)^ 

in(o)] - \fLf:p + yyL) ■ im 



1 ja jb 

2 "^2 '^2 



The second line in ( 131 ) contributes by a fish diagram as 
1 



{Ci{z)Ci{w)) = ~-J^iz)Jl{w)fac.pf,^^{dX^X^,{z)dXix!^iw)) 



+ S^'^'> {z - w)\n\z - wl' 



(133) 



Collecting (132) and (133) and using (119) we find 
1 /" ,9 ^„ -h r , ,„^, / jpf] 1 



eff.I 



d'zJ^4 [- ln(0)] ( - ^/f„4"^ + ^r^/.'l 



+ i I d'z I SwJ^{z)Jl{w)fU:'p 



\z — w\- 



+ 5'^'^\z - w)\n\z - w\A (134) 
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By using the map (1191 from position to momentum space, we can read in 



(134) the divergent contribution to the effective action that originates from the 



terms in ( 131 ) 



Sd^v.I = -^^ln(A^) y d^zStr ^J2J2 ■ (135) 

We have introduced some group theory notations that we are going to ex- 
plain now (for more details see Appendix B). Consider a supergroup G with 
a subgroup H and use the following letter assignment to denote the generators: 
{M, N,...} eg, {A, B,...} e g\n and {/, J, . . .} e "H. The super Ricci tensor 
of the supergroup G is defined as 

Rmn{G) = -1/^q/Q^(-)W) ^ , (136) 

and it is proportional to the second casimir of the supergroup. In the presence 
of the subgroup H , we can express it as 

R{G)ab = - J/fc/sD(-)''=^^°^ - ^/ic/f/(-)'°*^^'^ , (137) 
In our particular case G/H = PSU{2, 2\4)/SO{l, 4) x 50(5), for the expression 



( 135 ) we find 



Rab{G) — \faafba + \fa&fba 2 ■^'^/' /fo[e/] — ^4 ^ Vab : (138) 



and we obtain the effective action ( 135 1 , using the fact that /ic"'^' /%/] ~ •^a[e/] ^btf^ ■ 



It is proportional to the classical action and the coefficient is given by the second 
Casimir of the supergroup PSU{2, 2|4). 

Let us look at the other contributions to the effective action. The operators 



in (127) give the following contribution to the one-loop effective action 

s^ffjj = / d'z jrJii^n- HO)] {VLr^^ + i/ir/Vf[,/]) (139) 



30 1 



64|z-w|2 

/3 ~ J&P' 



where we used the identity f^^f^p = ~f°:^faa- We extract the divergent con- 



tribution 

= -^^ln(A^) j d^zStr ^jJs . 
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The operators in ( 128 1 give the following contribution to the one-loop effec- 
tive action 

Seffjn = /d^z Jf J|(z)[-ln(0)] (|/^-/f^ + f /iT/Vfie/]) (WO) 

+ Jd'zJ d^wJ<^[z)Ji[w)yifl, (^5(2)(z-^)ln|z-u;p + ^-i^) , 
from which we extract the divergent contribution 

= -^^ln(A^) j d^zStr ^JiJg . (141) 

Collecting all the divergent contributions to the matter part of the effective 
action, we find that it is proportional to the classical action 

c (G) 

Sdiv,matter — -. ln(A/^)S'c; , (142) 

47r 

where the coefficient is the second Casimir of the supergroup. Because of the 
crucial fact that 

C2(P5C/(2,2|4)) = , (143) 

the divergent part of the effective action vanishes. The matter part of the action 
is separately conformally invariant at one-loop. 

Finally, the operators Str(JiJj) for any i,j and Str (J^Jj) for i + j 7^ 
are not generated at one-loop. Consider, for example, the term Str JiJi. The 
possible one-loop contributions to this operator come from evaluating 



d Z d w{Cint{z)Cint{w)) 



where the relevant Cint is given by the first two terms in (1271, proportional to 
the background current Ji. It is immediate to see that, while the propagator 
{X2{z)X2{w)) is non-zero, there is no propagator {Xi{z)Xi{w)) . Hence, this 
contribution vanishes. Most of such operators are not generated, due to the 
same mechanism. For other operators, where all propagators are non-vanishing, 
one finds a remarkable cancellation of diagrams thanks to the vanishing of the 
quadratic Casimir. 
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Ghosts 

Let us consider the ghost part of the one-loop effective action. We expand the 
left and right moving ghosts into upper case background fields and lower case 
fluctuations 



(w,A) (W + w,L + X) 



{w,X) ^ (W + w,L + X) 



The ghost Lorentz currents are expanded as 

where (iV^Q) , A^(q-) ) denote the background currents while 



N^,)=-{W,X}-{w,L} 
N(^,)=-{W,X}-{w,L} 



N^2)^-{w,X} 



(144) 



(145) 



(146) 



(2) 



-{w,X} 



We expand the classical ghost action (111) according to (146) and collect the 
terms quadratic in the fluctuations 



/ d^zStr {7V(o) ([VX3,Xi] + [VX2,X2] + [VXi,X3]) 

+^(0) ([VX3,Xi] + [VX2,X2] + [VX,,X3]) (147) 
-iV(i)iV(i) + A^(2)(Jo - iV(o)) + (Jo - A^(o))^(2)} • 



In addition to ( 147 ) there are several other terms, that do not contribute to the 



effective action. We list them in [Appendix D.4[ 



The terms with the partial derivatives in the first two lines in ( 147 ) give rise 
to divergent terms in the effective action through a fish diagram 



(2/[e/]a/[?n 



X ^(5(2)(z-iy)ln|z-w|^ 



J[ef]bJ[lm]c 
1 



(148) 



\z — 



The combination of structure constants in ( 148 ) amounts to 

'^fienJtlm]/} - f[ef]bf[lm]c = ^R[e f][hn\{G) ~ 4i?[e (i7 ) 

= (C2(G) - C2(-ff))?7[e/][im] , 



(149) 
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and ( 148 1 can be recast in the form 

z — w)hi\z — w\ 



{C2{G) ^ C2{H)) 



\z — UJp 

and we recall that H = SO{l,A) x SO{h) and C2{H) = 3. The terms in the 



(150) 



last line in ( 147 ) contribute to the effective action through a fish diagram. To 
evaluate it, we need the OPE's between the fluctuations of the ghosts. At 
one-loop order, we can use the free field OPE's for the fluctuations of the ghost 



X'^ (z)'Wa{w) — 



\^ {z)'Wa{'w) = — - 



(151) 



z ^ w z — w 

since the pure spinor nature of the ghosts is relevant only at the next order of 
perturbation theory. To see this, recall the OPE's between the ghost Lorcntz 
currents 



7V[e/l(.)iVM(z.) = V'^'N^'M-v'^'N^Hw) ^ 3^|^^1MH 

z ~ w {z — wY 

(z — wY 



(152) 



w 



The first term on the right hand side of ( 152 1 is obtained by applying the naive 



OPE's ( 151 ), and the pure spinor nature of the curved beta-gamma system only 



affects the second terms in (152 1. On the other hand, the divergent part of the 
effective action that we will compute below gets contribution only from the first 
term, so we can safely use the free field OPE's for the ghosts for computations 
at one-loop order. The fish diagram contribution to the effective action coming 



from the last line in ( 147 ) is given by 

1 



!^<^f][l'm] [pq\[rs] 



We can simplify the expression involving the structure constants by using the 
identities 



[ef]S-'lPl]P [pq]5-' l<^f]P [e/lM-'Mp ' 

j-7 _ f1 fS _ j-[t"j] rj 

■I [ef]5J [pq]p -I [pq]SJ [ef]p -I [ef][pq]J [uv]p ' 



(154) 
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and by recalling the definition of the Ricci tensor ( 136[ ) 



we can further simplify ( 153 ) and extract its divergent part in the form 



An 



HA/^l) / d^zStr {A^(o)iV(o)} . (156) 



We collect the two contribution to the effective action ( 150 ) and ( 156 1 coming 



from ( 147 ) and we find the divergent contribution 



^div.gh = -^^HA/^i) I rf^zStriV(o)iV(o) . (157) 



Once again, (157) vanishes due to the fact that C2{G) = 0. 

There are a few more terms that might give contributions to the divergent 
part of the effective action in the ghost sector. Those are the terms that generate 
the operators Str A^j-Q) Jqi StriV^QjJoi a-nd Str JgJo, which would break gauge 
invariance. We need to check that these terms are absent. 

The term StriV^o) Jo is generated by two different diagrams. The first is the 
self-energy diagrams involving the terms proportional to Jq in the first line of 
(147). The second contribution to the term StrA^(o)Jo involves a fish diagram 



with the contraction of terms with partial derivatives in the first line of (1471 



together with the covariant derivatives, proportional to one power of Jq, in the 



kinetic terms for the fluctuations in (124). Collecting the two contributions we 
find 



'effy= - ^^(g)7^(g) |/d2^[-ln(0)]StrjV(o)Jo (158) 



S, 



5(2)(z-u;)ln|z- wH StrAr(o)(z)Jo(u;)} . 



2J ~ J " VN-wp 
By summing up the two terms we see that the divergent terms exactly cancel. 
The same story applies to the effective action for Str iV(Q) Jq . 

Finally, we need to check the terms proportional to Str JoJq. Those are 
generated by the self-energy diagrams and the flsh diagrams coming from the 
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terms with Jq and Jo in the covariant derivatives in the kinetic terms (124), 
that sum up to give 

s^fj,yj = f d^z[- HoW^jV (-i/[e/] Jmc + KnJM,) (159) 

where we used the identity f,^ , , - f " , - = ff „ f r" , « . It is immediate to check 

■I [ef]aJ lp„]B J [ef]a-' lpq]P 



that the divergent part of ( 159 1 is identicahy zero 



4--8.1. Non-renormalization of the radius 

We have compute the quantum effective action and checked that ah divergent 
terms vanish. However, there are leftover finite terms. We will first compute 



them and then discuss their significance. Collecting them from (134 1, (139) 



(140), (150), (153), (158), (159) we obtain the total one-loop effective action 

Seff = / d^zStr (ai J2J2 + a2Ji J3 + a^JsJi (160) 



+ lc2iH){JoJo-NJo-NjQ)'^ . 



where oi = 8, 02 = —10, 03 — 5/4, and C2{H) = 3 is the quadratic Casimir of 
the group H = 5*0(1,4) x 5*0(5). We did not include the IR singular terms 
proportional to In which can be removed once the full perturbative series 



is included [85]. The expression ( 160 ) is local, hence it can be removed by adding 
a local counter-term 



Sr. 



^eff 



(161) 



to the action. 

Because there are no non-local finite terms, we proved that there are no 
gauge nor BRST anomalies at one-loop. But there is a further result we can 
infer from this fact. 

In bosonic WZW models, describing the string propagation on the coset 
GjH, the level of the current algebra gets shifted at one-loop from A; to fc + 
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^C2{G), where C2{G) is the quadratic Casimir of the group G. In the sigma 
model interpretation of WZW theory, the level is related to the radius of the 
target space manifold, which is the inverse of the sigma model coupling constant. 
Therefore, the classical relation R'^/a' = k gets modified at one-loop to B? /a' = 
k+ ^cg and in the full quantum theory there is a minimal value for the radius 
of the manifold, set by the quadratic Casimir of the group. The situation is 
different for gauged WZW models with worldsheet supersymmetry. In that case, 
the fermionic and bosonic determinants cancel out and the relation between the 
radius and the level is not renormalized. These sigma models describe bosonic 
or RNS string theory on backgrounds supported by NS-NS flux. What happens 
with Ramond-Ramond flux? 

In the case of AdS^ x S^, we have a sigma model on a supercoset. The AdS 
radius is again equal to the inverse of the sigma model coupling constant and is 
related to the 't Hooft coupling of the dual M = A super Yang-Mills theory 
through the dictionary 

R^/a' = /(At) , /(At) -A.^oo + a + 0{l/^t) , 

The leading term in the large 't Hooft coupling expansion corresponds to the 
usual AdS/CFT dictionary, but in principle subleading terms are allowed and 
a would arise at one-loop in the sigma model perturbation theory. This would 
be the analogue of the finite shift by |c2(G) in the level of the current algebra 
in bosonic WZW models. 

To study the renormalization of the radius, we need to consider the sigma 
model quantum effective action 

Sef f — Sdiv -\- S finite ■ 

We have shown that the divergent part of the effective action vanishes, which 
implies that the sigma model is conformally invariant and the radius does not 
run. However, one still needs to evaluate the finite part of the effective action, 
which may consist of local as well as non-local terms. The local terms can be 
reabsorbed by local counter-terms and play no role. On the other hand, the 
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presence of finite non-local contributions to the effective action would not be 
removed and generate a non-zero shift a. But we have just concluded that all 
non-local contributions vanish. Hence, we have proven that there is no departure 
from the classical AdS/CFT dictionary at one- loop 

a = . 

4-2.2. Central charge 

We can use the background field method to compute the one-loop correction 
to the central charge of the supercoset sigma model. Consider the left and right 
moving components of the stress tensor 

T= -Str(ij2J2 + ^iJ3 + wVA) , (162) 
r= -Str(ij2J2 + Ji./3+?iVA) . (163) 

We want to compute the one-loop correction to the central charge. It corre- 
sponds to the quartic pole in the OPE 

(r(z)T(o)) = ^-f 



where (•) denotes functional integration. We expand T according to (123) and 
we compute the contractions of the fluctuations. The terms coming from the 
action do not contribute to the central charge. We will find a leading tree 
level contribution, proportional to l/R^, where R is the radius. The one-loop 
correction is proportional to To compute terms of order 1/i?^ we need 



to expand (123) up to 0{R ■^), so they will be neglected and we will stop at 



one-loop. We find 

,1.. . _ a., . . 1 1 /lo 1 . , , ,21 



,2-StrJ2J2(^)2StrJ2J2(0)) = [- - ^ [1 + In N - V^/^X^ 



(164) 



where v''"^ fiafmg ~ iTr7''7a = 40. The first term arises from the double 
contraction at tree level, while the second comes from the triple contraction at 
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one-loop. The second contribution is 

1 1 /QO 1 

(StrJiJ3(2)StrJiJ3(0)) = ( y - + ^^\^^ - ^I'W"" fLCs 



The mixed term is 



(165) 



(StrJ2J2WStrJiJ3(0)) = -ll[l + ln|z-u;|2]Wii/:^ ■ (166) 



By summing up (164 1, (165) and (1661 we get the total contribution of the 



matter part. The one-loop correction cancels out exactly, leaving only the tree 
level part, which is the same as in flat space 

1 22 

{Tmatter{z)T„iaUer{0)) = ^ ' (167) 

Let us look at the ghost part. The tree level contribution involves a trace 
on the ghost spinor indices and is equal to the analogous flat space contraction. 
In the gauge Xq — the ghost sector does not give any one-loop correction and 
it starts contributing only at two loops (the leading term in ii'[Jo,A] with no 
external fields is 0{R^'^ j), so we find 

1 22 

{T„,(z)Tgu(0)) ^ —- , (168) 



and by adding (168) and (167) we proved that the total central charge vanishes 
at one-loop: 

c = 0. (169) 

Since the effective action does not receive any finite corrections at one-loop, 
there is no correction to the stress tensor either. 

4.3. OPE algebra 

Let us consider the algebra of the Operator Product Expansion of the left 
invariant currents in the pure spinor sigma model. In the case of bosonic sigma 
models on a group manifold, for instance WZW models, the OPE's of the cur- 
rents realize a Kac-Moody algebra, where the structure constants take values in 
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the Lie algebra of the group. Such sigma models are parity invariant, hence the 
Kac-Moody algebra comes in two copies: holomorphic and anti-holomorphic. 

In the AdSc^ x sigma model, the RR flux couples left and right movers, so 
the OPE's of the left invariant currents form a non-chiral algebra, that we will 
now compute at the tree-level. Note that logarithms are present in the OPE's. 

The tree level OPE's are proportional to one structure constant and the 



sigma model coupling constant R ^. Only the (1/i?) term in (123) contributes 



together with the first lines in (1261, (1271 and (128) and the first two lines in 



(147). Schematically, the OPE's are given by 



i?2(J^(z)J^(0)) = {dX^iz){dX^{0) + [J,Xf{0))) + {[J,X]^iz)dX^iO)) , 
On the left hand side we put the full sigma model current, while in the right hand 



side we expanded it using the background field method ( 123 ) and we keep only 



the leading term. Note that, for ease of notations, we dropped the tilde's from 
the currents in the r.h.s., even if they are understood as background currents. 
Since these expressions are evaluated inside a correlator, the terms on the r.h.s. 
pick up a contribution from the couplings in the action, namely 



{dx'^{z)dx^{o)) ^ dx'^{z)dx^{o) - dx^{z)dx^{o) ■ s , 



(170) 



where S ^ Si + Sn + Sm are the terms in the classical action, expanded at 



quadratic order in the quantum fluctuations and given in (126), (127), (128) 



and (147). We compute the r.h.s. of (170) with the propagators in (125), some 



details are collected in Appendix D.5 
We fin(C3 



(171) 



J^{z)J^{0) ^ 27rS^'\z)rj'^'' - + + - In |zp(aiV[^/l - BN^'^^)] , 



J|(z)Jf(0) 



J g 

Z 



{24 



-"We omit the overall factor R in the r.h.s. 
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j|(z) jf (0) ^ -/r i^ + bn \z\'{dJi + dJt) 



J^{z)Ji{Q) ^ -ff (^^ + J In + 



J^(z)J^(0)^-l^f2J- + -J- 
z \ z 



z-^ z V z / 

^— + — In |z|2(97V["^l - 97V[^-^1) 

J^{z)J^{0) -> -27r<5(2)(z)r;""-/[^^] ^— + -— + - \n\zWdN^'f^ - BN^^^^) 

JI{z)jI{Q) ^ ff^-f , 

J3"(z) jf (0) ^ -/f ^ (f + + 

while all the OPE's with Jq and {N^ N) vanish at tree level. On the right hand 
sides, we omitted terms proportional to the product of two currents, whose 
singularity is logarithmic. By use of the Maurer-Cartan identities, that are 
Ward identities for the supergroup symmetry, these terms can be reshuffled 
with the terms proportional to the derivative of the currents, that we have 
included. We refer to the literature for a more detailed discussion of this point. 

We do not need to compute all the OPE's, since the pure spinor sigma 
model exhibits a symmetry under the simultaneous exchange of z o z and 
grading one with grading three. The remaining OPE's may be obtained from 



(171) by applying this symmetry. 

Using the background field method we can push the computation at any 
order in the perturbative expansion. For example, we can compute the one- 
loop corrections to the tree level OPE algebra. This can be used to study the 
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worldsheet anomalous dimensions 'y^s of the left-invariant currents Ji , which are 
given by the loop corrections to the double pole in their OPE with the stress 
tensor 

T(z)J,(0)-^ ii^J,;(0) + ... , 

where we omitted the single pole terms in the OPE. One finds that at one loop 
the anomalous dimensions of J2 and Jq vanishes, but the fermionic currents 
have 



3 



1 5 
fl2 16 • 



Since the anomalous dimensions of Ji and J3 have opposite sign and only their 
product appears in the stress tensor, we just proved that the stress tensor does 
not receive any anomalous dimension at one-loop and thus it is still conserved. 

4-.4- All-loop quantum consistency 

It turns out that the pure spinor sigma model is gauge invariant and BRST 
invariant to all orders in the sigma-model perturbation theory. Let us extend 
the one-loop results discussed above to all-loops. 

Gauge invariance 



The pure spinor action (110) is classically gauge invariant under the right 
multiplication g — > gh^ where h ^ H. We will prove that we can always add a 
local counterterm such that the quantum effective action remains gauge invari- 
ant at the quantum level. Quantum gauge invariance will then be used to prove 
BRST invariance. 

An anomaly in the H gauge invariance would show up as a nonvanishing 
gauge variation of the effective action Sf^Seff in the form of a local operator. 
Since there is no anomaly in the global H invariance, the variation must vanish 
when the gauge parameter is constant and, moreover, it must have grading zero. 
Looking at the list of our worldsheet operators, we find that the most general 



77 



form of the variation is 

6Seff = / (Pz{ciNdK + ciNdk + 2c2 Jo^A + 2c2 Jo5A), (173) 

where A — Tyg_^h\°'^\z ^ z) is the local gauge parameter and (ci, Ci, C2, C2) are 
arbitrary coefficients. By adding the counterterm 

= - y" (fz{ciNJo + ciNJo + (c2 + C2) Jo Jo), 

we find that the total variation becomes 

6A{Seff + 5e) = (C2 - C2) J d^z{JodA - JodA). 

On the other hand, the consistency condition on the gauge anomaly requires 
that 

{SaSa' — SA'SA)Seff = S[A,A']Seff, 

which fixes the coefficients C2 = C2. Therefore the action is gauge invariant 
quantum mechanically. 

^.^.2. BRST invariance 

In order to prove the BRST invariance of the superstring at all orders in 
perturbation theory we will first show that the classical BRST charge is nilpo- 
tent. We will then prove that the effective action can be made classically BRST 
invariant by adding a local counterterm, using triviality of a classical cohomol- 
ogy class. Then we will prove that order by order in perturbation theory no 
anomaly in the BRST invariance can appear. 



As we have shown in the previous section, the action ( 110 1 in the pure spinor 
formalism is classically BRST invariant. It is easy to prove that the pure spinor 
BRST charge is classically nilpotcnt on the pure spinor constraint, up to gauge 
invariance and the ghost equations of motion. The second variation of the ghost 
currents reads indeed 

Q^{N) = -[N,A]~{X,^X-[N,X]}, 

g2(7V)^_[7V,A]-{A,VA-[7V,A]}, 
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for the particular gauge transformation parameterized by A = {A, A} and the 



equations of motion (113). Therefore the classical BRST charge is well defined. 

Consider now the quantum effective action S'e//- After the addition of a 
suitable counterterm, it is gauge invariant to all orders. Moreover, the classical 



BRST transformations of (1071 commute with the gauge transformations, since 
the BRST charge is gauge invariant. Therefore, the anomaly in the variation 
of the effective action, which is a local operator, must be a gauge invariant 
integrated vertex operator of ghost number one 

SBRsrSeff = J (fz{fl'-Ji). 



In [Appendix D.3 we show that the cohomology of such operators is empty. 



namely that we can add a local counterterm to cancel the BRST variation of the 
action. A crucial step in the proof is that the symmetric bispinor, constructed 
with the product of two pure spinors, is proportional to the middle dimensional 
form. Schematically, this means that in d = 2n dimensions we can decompose 

A"A^~7;?.1..™„(A7™-™"A). 

Since there are no conserved currents of ghost number two in the cohomology, 
that could deform Q^, the quantum modifications to the BRST charge can be 
chosen such that its nilpotence is preserved. In this case, we can use algebraic 
methods to extend the BRST invariance of the effective action by induction to 
all orders in perturbation theory. Suppose the effective action is invariant to 
order /i""^. This means that 



QS^ff = /i" j d'z{n\y) + C'(/i"+^). 

The quantum modified BRST operator Q = Q + Qq is, still nilpotent up to the 
equations of motion and the gauge invariance. This implies that Q J z{q!"^^) = 
0. But the cohomology of ghost number one integrated vertex operators is 
empty, so fi^V = QS^j', which implies 
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Therefore, order by order in perturbation theory it is possible to add a coun- 
terterm that restores BRST invariance. 



4.4-3- Conformal invariance 



In Section 4.2 we gave an explicit diagrammatic proof of the one-loop con- 
formal invariance of the pure spinor sigma model in AdS^ x S^. This result 
is of course expected on general grounds, since in a generic curved background 
classical BRST invariance implies one-loop conformal invariance. But we can 
actually do much better and prove conformal invariance at all orders in pertur- 
bation theory. 

Let us extend the PSU{2, 2|4) supergroup to U{2, 2|4) by adding the hyper- 



charge Y and the central extension I, as discussed in (89). The new generators 
have grading two and act on the PSU{2, 2|4) ones as 

[Y,Ti]=T3, [Y,T3]=Ti (174) 
{Ti,Ti} = {T3,T3} = T2+I . 

We may parameterize the element of the C/(2, 2|4)/S'0(1, 4) x SO{5) coset as 

h = e''^+''^gix,e,0) , (175) 

where g{x,0,0) is the element of the original PS'f/(2, 2|4)/50(1, 4) x SO{5) 
coset. The new Maurer-Cartan currents read 

h-^dh^Ki + KY+Ko + Ki + K2+K3 , (176) 

where 

Ki = {du + [g-'{dvY)gY + [g-'dg]') I , 
Ky = dvY , 

Ko + Ki+K2+ K3 = {[g-\dvL)g]'' + [g-'dg]^) Ta ■ 

In particular, note that u only appears as a free boson, since I commutes with 
all the generators, and v only appears linearly, because the hypercharge Y never 



appears on the r.h.s. of the commutation relations (174 1. 
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Under the new BRST transformation £Q'{h) = h{eX + eX), the currents 
transform as 

eQ'iKi) = [K3,eX] + [K^^eX] , eQ'(i^y) - , (177) 
eQ'{Kj) = dj+3,o{edX + [Xy, eA]) + [i^,+3, eA] 
+dj+i^o{edX + [KY,eX]) + [Kj+i,eX] . 

Let us consider the action for the extended supercoset J7(2, 2|4)/S'0(1, 4) x 
5*0(5). Since Strl^ = StrY^ = and the only non-zero supertrace involving 
the extra generators is Str lY 7^ 0, we find the action 

S' = S'o+ I d^z (duBv + dudv + j,{x,9,9)dv + j-,ix,9e)dv + fix,ej)dvdv^ 



(178) 



where is the original pure spinor action (110 1 with the original currents 
J's replaced by the new K^s. By using the Maurer-Cartan equations for the 



currents K one can check that the action (178) is invariant under the BRST 



transformations (177). One can go through the proof of quantum gauge and 



BRST invariance of the previous sections and repeat them for the action (178). 
In particular, one can add a local counterterm to remove the BRST variation 
of the quantum effective action S j . 



By inverting the kinetic terms in the action (178), we find a propagator for 
(uu) and (uv) but no propagator for (vv). Moreover, we see that only v couples 
to the original PSU{2,2\4) variables. Therefore, we readily conclude that in 



the perturbative expansion of the theory (1781, all the diagrams with external 
PSU (2, 2|4) lines are exactly the same as the corresponding diagrams computed 
in the original theory with action Sq. If the effective action S '^^^ computed from 
(178) is conformally invariant, then it follows that the effective action for the 
original P5?7(2,2|4) supercoset is also conformally invariant. 

We are now going to prove that S is conformally invariant. In order to do 
this, we will at first assume that quantum conformal transformations commute 
with the quantum BRST transformation 

[<^c,g']=0, (179) 
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and we postpone the proof of this statement to the end of this section. From 



(179) it follows that Q' {5cS '^j f) — and so ScS'^f^ is a BRST invariant and 
local expression. But there is only one local and BRST invariant object of ghost 
number zero and weight two and that is precisely the classical action S' . This 



fact is proven in Appendix D.3 for the original PSU{2,2\4) invariant action, 



and the same argument holds for the present action. Hence 

5,S',ff^aS' , (180) 

where a is a numerical coefficient. 

Now S' contains the term J dudv, but this term cannot get any correction 
because there is no interaction that contains u, so this term cannot appear in 



the IPI effective action. We deduce that the coefficient a in ( 180 1 must be zero 
and so the effective action is conformally invariant 

<5c^'e//=0. (181) 



Let us finally prove ( 179 ) by cohomology arguments. We denote the quantum 
BRST charge by Q = Q^' +hQ'^, where the last term is the possible (n — l)-loop 
correction to the classical charge and h is our loop counting parameter. We 
further denote by Sc the quantum conformal transformation at {n — l)-loops. 



Suppose now that ( |l79[ ) does not hold, namely that [QSc] = ti^S' + ©(/I'^+i), 
where S' is a local transformation of ghost number one. Since {Q, 6'} = we 
have in particular {Q^', 5'} — 0. It turns out that there is no such local charge 
at ghost number one in the cohomology, which we prove in Appendix C. We 
conclude that S' must be BRST trivial, namely 6' ~ —[Q'^'^Sq], for some ghost 
number zero charge Sq. The charge Sc + H'^Sq now commutes with the BRST 
charge 

[Q,Sc + K'dq] = ft" (5' - fi"<5' + C'(fi"+i), (182) 

so we conclude that conformal transformations commute with the BRST charge 
at the quantum level. 

Guide to the literature 
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A textbook introduction to the background field method as a means to study 
two-dimensional non-linear sigma models can be found in Polyakov's book [86]. 
The method we use to evaluate the one-loop effective action was introduced in 
[55] and further discussed in [57] [SHI (HH] > where the map between the position 
space and momentum space integrands is explained. 

The divergent part of the one-loop effective action for string sigma models on 
supercosets with RR flux was computed for the matter part in [76] and for the 
full pure spinor superstring in [19] . The finite part of the effective action and the 
non-renormalization of the radius was computed in [20] . where the vanishing of 
the central charge at one-loop was also proven. The reader may find a discussion 
of the finite shift in the radius of WZW models in [90!, where in the bosonic 
case the radius gets shifted, and in [21], where in the supersymmetric RNS case 
the radius is not shited. The authors of [92] argue that the classical relation 
between the radius and the 't Hooft coupling is exact in the planar limit, based 
on completely different considerations of S-duality of the type IIB superstring 
and of the dual A/" = 4 super Yang-Mills theory. 

The algebra of OPE for the pure spinor superstring was derived at the tree 
level in [531 IMl ISSI ■ The one-loop corrected OPE algebra can be found in [SB] . 

The quantum consistency of the pure spinor sigma model in AdS at all-loops 
was proven in [2T] . 
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5. String spectrum 

In this section, we will compute the perturbative spectrum of superstrings 
propagating in AdS^ x S^, with its application to the AdS/CFT correspondence 
in mind. We set the sigma model coupling equal to the inverse of the J\f = 4 SYM 
't Hooft coupling R'^/a' — V^, which is more convenient for the AdS/CFT 
analysis. 

We will give different examples of physical string states. We start with a 
short review of some aspects of the AdS/CFT correspondence, related to the 
spectrum of anomalous dimensions of local gauge invariant operators on the 
gauge theory. We first discuss the massless vertex operators, corresponding to 
type IIB supergravity compactified on the five-sphere and dual to the half BPS 
sector of A/" = 4 SYM theory. As an example of a massive string state, we derive 
the energy of a vertex operator at the first massive string level, that is dual to 
a member of the Konishi multiplet, a long super- multiplet of A/" = 4 SYM. 
Since this operator is not protected, its anomalous dimension is non-vanishing. 
We compute the one- loop corrections to the Virasoro constraint, whose solution 
determines the energy, which in turn gives the anomalous dimension. The result 
confirms its earlier conjectured value, obtained using integrability and the Y- 
system. Finally, we briefly discuss the n-point correlation functions of gauge 
invariant local operators in A/" = 4 SYM, dual to the n-point function of vertex 
operators on the string worldsheet. We construct the zero mode measure for 
the worldsheet variables and show that there is a well-defined higher genus 
amplitude prescription, which computes 1/A^c corrections to the planar limit 
of the AdS/CFT system. In the course of the discussion we introduce the b 
aiitigliost in the AdS, whose construction is significantly easier than its flat 
space cousin, due to the RR flux present in the AdS background. 

5. 1 . AdS/ CFT correspondence 

Let us recall some general facts about the AdS/CFT correspondence. Con- 
sider maximally supersymmetric Yang-Mills theory in four dimensions {J\f = 4 
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SYM). We will restrict for the moment to the planar sector of the theory, in 
which the number of colors Nc ^ oo ad, fixed 't Hooft coupling At- Af = 4 
SYM is a conformal field theory with global symmetry group P5J7(2,2|4), in 
particular its global symmetry contains the dilatation operator D. The observ- 
ables we will focus on in this Section are the anomalous dimensions of gauge 
invariant local operators 0{x). The eigenvalues of the dilatation operator are 
the conformal dimensions A, defined as 

[D,Oa{x)]=iAOa{x) . (183) 

If we know the conformal dimensions of all operators we have solved the two- 
point function sector of A/' = 4 SYM, since 

What do we know about the conformal dimensions of operators in A/^ = 4 SYM? 
In the classical theory at zero coupling, conformal dimensions are equal to the 
"engineering dimensions" Aq, i.e. the free field values that can be read off 
the classical Lagrangian. As we turn on the coupling At, quantum corrections 
generate anomalous dimensions 

7 = A - Ao . (185) 

At weak coupling, i.e. when A^ << 1, the anomalous dimensions can be com- 
puted in a perturbative expansion loop by loop 

7 = ciAt + C2A(2 + ... (186) 

where Cj is a numerical coefficient obtained by an i-th loop computation. An 
exception is given by the BPS operators, namely short multiplets in J\f = 4 
SYM whose anomalous dimensions vanish due to supersymmetry. An example 
of a BPS operator is the chiral primary Tr(f)^^ (j)^^ , where (j)^ are the six scalars 
of J\f = 4 SYM and their S0{6) vector indices are in a symmetric traceless 
combination. 
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In the strong coupling regime, At >> 1, perturbation theory breaks down 
and we need new tools to study the spectrum of anomalous dimensions. Thanks 
to the AdS/CFT correspondence, type IIB superstring theory on AdSc, x 
comes to our rescue. 

According to the AdS/CFT dictionary, conformal dimensions on the CFT 
side are equal to energies of string states on the AdS side 



A = E . 



(187) 



In the strong coupling regime At >> 1, the dual AdS background has a very large 
radius in units of the string length, hence its curvature is weak and we are in 
the supergravity approximation. In particular, the string sigma model coupling, 
proportional to the inverse radius, is small and we are in the perturbative string 
theory regime. As a result, the perturbative worldsheet computation of energy 
of string states in AdS gives us the strong coupling expansion of conformal 
dimensions of local operators on the gauge theory side. 

At strong coupling, we can match conformal dimensions of local operators 



with energies of strings as in (187), and we can classify the various strings 



moving in AdS in three different sectors according to the different scaling of 
their energy as follows 



SYM side 
BPS: 
"short" non-EPS: 
"long" non-EPS: 



String side 

supergravity: E ^ 0{l) 

massive: E ^ -\/Af 

semi-classical: E ^ y/Xf 



7 = 
7 ~ 

The first sector contains the gauge theory EPS operators, whose anomalous 
dimensions vanish. This is dual to the massless sector of the superstring, which 
describes ten-dimensional type HE supergravity compactified on the five-sphere. 
This is described on the worldsheet by physical vertex operator of weight zero 
on the worldsheet. 

In the second sector we put non-EPS operator that are made of a small 
number of elementary J\f — A SYM fields. The prototypical example is the 
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Konishi multiplet, whose highest weight state is classicaUy Trf/)^*- This kind 
of operators are dual to the massive superstrings. In fiat space, the massive 
string states have a mass squared that scales as ^ so in the large 

radius limit we see that their energy scales a,s E ^ \/Xf The Konishi multiplet 
is dual to strings at the first massive level, described by physical worldsheet 
vertex operators of classical weight (1, 1). 

The last sector contains non-BPS operators made out of an asymptoti- 
cally large number of elementary fields. They correspond to semi-classical 
macroscopic strings with very large quantum numbers, whose energy scales as 
E^^f 

In this section, we will first consider the massless sector and show that it 
correctly describes type IIB supergravity on AdS^ x . We will also provide two 
examples of zero-momentum deformations of the action. We will then compute 
the energy of a string state at the first massive level, that will give us the 
anomalous dimension of the Konishi multiplet in the strong coupling regime. 
Finally, we will consider the BMN sector, which is a particular example of semi- 
classical strings with very large quantum numbers. 

5.2. Supergravity sector 

As we recalled in Section [2. 1.3[ the massless sector of the closed superstring 
is given in terms of vertex operators of ghost number two and weight zero. On- 
shell fluctuations around the AdS^, x background are therefore described by 
vertex operators of the form 

Z^(2) ^ A"A"A„a(a;,6',0) (188) 



satisfying (39) where Q and Q are the BRST charges defined in (106). We 
will show that the cohomology condition for this vertex operator reproduces the 
supergravity equations of motion in AdS. 

Consider the action of the BRST charge on a ghost- number (Af , N) vertex 
operator $ = A"i... A"" A^i...A^" A s s(a;,6',^), 

Q<^ = X'^X°"...X°'"X^K..X^"W^A 3 s and (189) 

^ 1^ ai...aMPl---PN ^ ' 
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Q<^> = X°'\..X°'"X^X'^K..X'^''VnA s s 

^ 1^ Ql...QA/01.../3jv 

where Vq = E^^Om + and Vq, = E^-' {Om + ^m) are the covariant su- 
persymmetric derivatives in the AdS^ x S*^ background, and E^^ and are 
the super-vierbein and spin connection in the AdS^ x background with B 
ranging over the tangent-superspace indices (c, a, a) and M ranging over the 
curved superspace indices (m,/i, /i). One can express Eg and ljm in terms of 
the coset elements g{x, 0, 0) by defining Eg = (E^j)^^ and wj^' — E^^ where 
ig~^dg)^ = EfjdX'^^ for X*^ = (x", 6"^, ^'^). 



To justify ( 189 1, one can check that it is the unique definition which preserves 
all AdS isometrics and reduces to = X°'Da^ and = X"Da^ in the fiat 
limit. Furthermore, (1891 is consistent with the nilpotency conditions = 



q2 ^ {Q,Q} = 0. The conditions Q^^ = Q^^ = follow from the fact that 
7mnpgr{Va, = l?fnpqr{^ p} = 0. Although {V^, Vg} is non- vanishing, 
its symmetrical structure allows {Q, Q}^ to vanish since 

{Q,Q}$ = A'=A^A"^..A""A^^..A^~{V., V?}A^^_,^^^^ (190) 



= A«A^A«^..A"-A'^^..A'^«((7^'^)„-<5.^V[,,] - (7^''')K^^.rV[,M'])^„,...„,,^,.../3„ 

where V[cd] acts as a Lorentz rotation in the [cd] direction on the M + N spinor 
indices oi A a a , i-e. 

^[cd]^Qi...aM/3i.../3N ~ 2[(7cd)Qi^^^(j2 + (7cd)a2'''^Q^-yQ,3.../3„ + • ■ • 

■•• + (7^),?„X,...^„_,^]- (191) 
But since all indices of A a « are contracted with either A" or A", one 

ai...aMPi---PN ' 

can use (40) to argue that all terms in (191) are proportional to 



, (192) 

which identically vanishes for any choice of five- form directions mnpqr. This fol- 
lows from the Jacobi identity for the psu(2, 2|4) structure constants as explained 



in Appendix C.2 So {Q, Q}$ = as desired. 
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Using (189), (39 1 implies that the bispinor superfield A^p{x,d,d) in the 
physical vertex operator Z^/'^^ = X^X^A^^ must satisfy the equations of motion 
and gauge invariances 

Irrmpqr^ aA/^^ — 7^^^^^ Vo-A^ij; = 0, (193) 
SAp^ = + V^np with J^ipg^Va^p = 7mlpgrVa% = 0. 



Although one could do a component analysis to check that ( 193 ) correctly de- 
scribes the on-shell fluctuations around the AdS^ x background, this is guar- 



anteed to work since ( 193 ) are the unique equations of motion and gauge in- 



variances which are invariant under the AdS isometrics and which reduce to the 



massless Type IIB supergravity equations of (41 1 in the flat limit. 

Sometimes it is useful to consider vertex operators that are also worldsheet 
primary fields, whose double pole with the stress tensor vanishes. In flat space, 



this is given by (47) and (48). In the AdS^ x S background, the left and right- 



moving stress tensors associated with the action of ( 110 ) are ( 162 ). As was done 
earlier with Q and Q, instead of directly computing the OPE's of T and T, it 
will be simpler to deduce them from the requirements that they preserve the 
AdS isometrics and reduce correctly in the flat limit. It turns out that, when 
acting on the physical vertex operator U^^'^ = X°'X^A^^{x,9,6), the condition 
of no double poles with T or T implies that 

VBV^A^j(a;,0,^) = O (194) 

where V^V^ = V^'"^ b^c, B = (c, [cd], a, d) ranges over all tangent space 
indices of psu(2, 2|4), Vs = E^' {Om + l^m) are the covariant derivatives in the 
AdS^ X background when B = (c, c', a, a), and 'V[cd] a-cts as a Lorentz rotation 
in the cd direction on all tangent space indices. Note that [V^, Vb} = Jab^c 
where /^^ are the PS't/(2,2|4) structure constants and [VbV-^,Vc] = for 
all C. In the flat limit, VbV^ reduces to 9„i9" since ry— is the only surviving 
component of r]^'-^ . 
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To find the AdS^ x analog of ( 47 ) , it will be convenient to define Abj by 

1 



A 



16 



A 



1 



A[cd]^ — ^ cAd^ — y dAc^, ^[c'd']7 — c'Ad'^ + y d'Ac'~f. 



(195) 



Under the gauge transformation SA^-s = V^ris + Vsf2Q,, one can check that 



A„a transforms as 

Bp 



SA 



BP 



Vsn^ - (-i)(^'v^r!B + {-iY'''>f^^v''''vBDnE (i96) 



where (B) = if i? is a bosonic index, (B) = 1 if S is a fermionic index, and 



(197) 



One can similarly define Aas- Then the unique conditions on A^^ which pre 



serve the AdS isonietries and which reduce to (47) in the flat limit are 
V^VsA^^ - 0, V^A^^ ^ V^A„B = 0. 



(198) 



Furthermore, using the gauge transformations of ( 196 ) one can check that these 



conditions are invariant under the residual gauge transformations 



= V^r2=y + V:^r2^ with 



(199) 



which reduce to (48) in the flat limit. So the conditions of (1981 and (199) for 
the primary vertex operator describing on-shell fluctuations of the AdS^ x 



background closely resemble the conditions of ( 47 1 and ( 48 1 for the primary 



vertex operator describing the massless Type IIB supergravity fields in a flat 
background. 



5.2.1. Radius deformation 

The first example of a vertex operator is the operator corresponding to a 
change in the radius of AdS. The pure spinor action is multiplied by the inverse 
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sigma model coupling, which corresponds to the radius of AdS, in units of a'. 
As we have shown previously, the radius does not renormalize and is not shifted 
at one-loop, so it is a free parameter in the model. In the usual parlance of 
conformal field theories, such operator describes a line of fixed points and it 
is called an exactly marginal deformation. By the AdS/CFT dictionary, it is 
dual to the gauge theory 't Hooft coupling. Its insertion in an expectation 
value probes the response to an infinitesimal change in the radius of AdS. If we 
consider the action as an integrated vertex operator J (i^zV_^j\ where V^g"* is a 
ghost number zero worldshect two-form, corresponding to the radius of AdS, by 
applying the standard descent procedure we will obtain the unintegrated vertex 
operator (weight zero and ghost number two) corresponding to the radius of 
AdS. 



The lagrangian ( 110 ) is invariant under the BRST transformations generated 
by ( 106 ) up to a total derivative. If we denote the worldsheet lagrangian L^^^s = 
Vi°^ with 

Vif = Str [i( J2 J2 + Ji J3 + J3J1) + \iJ3J1 - J1J3) + {wVX + wVX - NN)] , 
then the BRST variation of the first term is 

^Str ( J3VA + J3VA + JiVA + JiVA) . 



By using the Maurer-Cartan equations (96), the variation of the second term is 
^Str ( JiVA - JiVA + J3VA - J3VA) 

+ istr [5(AJ3 - AJi) + d{XJi - AJ3)] , 
while the variation of the last term is 

-Str ( JiVA J3VA) . 

By summing everything everything up, we conclude that the BRST variation of 
the action is equal to the total derivative 

Qvif = - a/i^) , (200) 
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where 

/Ji) = Jstr (AJ3 - AJi) , /i') = ^Str (AJ3 - AJi) . 
The last step in the descent gives the unintegrated vertex operator U^"^^ 

where 

= -Istr AA = -^r?aaA"A" . (201) 

We conclude that (77AA) belongs to the cohomology and corresponds to the 
radius deformation, that is the dilaton at zero momentum. The same procedure 
in the case of the flat space action gives the vertex operator {\"f™-9){\^rn0), 
which is the unintegrated vertex operator for the trace of the graviton at zero 
momentum. 

5.2.2. Beta deformation 

Another interesting physical vertex operator of the AdS^ x superstring 
corresponds to the beta deformation at zero momentum. Let us introduce the 
following operator in the adjoint representation of P6'f7(2, 2|4) 

and consider the ghost number two and weight zero vertex operator 

This operator is in the antisymmetric product of two adjoint representations. 
The part of Z^I^^l corresponding to the adjoint of PSU{2, 2|4) is BRST trivial 

/^s^I^^l = {A, A}^ = Q[g-\X + X)gf , 

where but the remaining part is a physical deformation, to which we apply 
the inverse descent procedure to obtain the corresponding integrated vertex 
operator, by which we may deform the action. The operator A^ is the ghost 
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number one cocycle associated with the Noether currents of the PSU{2, 2|4) 
global symmetry, namely Q{j^) — dA"^, so that the descent procedure gives 



For any constant antisymmetric matrix B^j^b] (where [AB] is the product of two 
adjoint representations of PS'?7(2,2|4) from which we remove the adjoint part) 
we have the following infinitesimal deformation of the action 

d^zB[AB]j'^ ■ (202) 

Consider now the embedding of the five-sphere into through the embedding 
coordinates such that y^y^ 1, and take Bab in the direction of 

Vbeta = Sl^^^ll""! J d^zY[^dY,] A Y[prfy,] + . . . , (203) 

where . . . include the terms with 0's present in the Noether currents. The vertex 



operator ( 203 ) has the quantum numbers of the so-called beta deformation of 



Af = A super Yang-Mills. 

5.3. Massive spectrum: Konishi multiplet 

As we discussed above, short non-BPS operators in A/" = 4 SYM at strong 
coupling are dual to massive perturbative string states, described in terms of 
worldsheet vertex operators. The conformal dimension of non-BPS operators, 
such as operators in the Konishi multiplet, receive quantum corrections, whose 
evaluation at strong coupling we are now going to perform. 

By imposing that the worldsheet vertex operators satisfy the superstring 
physical state condition at the loop level, we derive an equation for the energy of 
the corresponding string state, which gives in turn the strong coupling expansion 
of the anomalous dimension of the dual gauge theory operator. We apply our 
method to the simplest non-BPS operator, a member of the Konishi multiplet. 
Our worldsheet computation of the anomalous dimension of a particular member 
of the multiplet gives 

7 = 2yA;-4H-^+0(l/yA;) . (204) 
V At 
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The classical dimension Aq of different members of the Konishi multiplet may 



take different integer or half-integer values, but the anomalous dimension (204 1 
is the same for all of them. In supersymmetric theories, a supermultiplet is 
obtained by applying the supercharges to operator corresponding to the highest 
weight state. The commutator of the supercharges with the dilation operator is 
not renormalized (because of the supersymmetry algebra) , hence the anomalous 
dimension is the same for all elements of the supermultiplet. In light of this fact, 
we can pick our favourite member of the multiplet to perform the calculation. 
The leading term 2\/Xl reproduces the expected leading behaviour for an op- 
erator dual to a string state at the first massive level. The last term 2/ is 
the one-loop correction to the anomalous dimension of the Konishi multiplet at 
strong coupling. 

The method we are going to explain can be used to solve for the whole 
energy spectrum of massive states of type IIB superstring in AdS^ x and can 
be expanded to any loop order at strong coupling. This will give an expansion 
of the anomalous dimensions of short operators in super Yang-Mills theory in 
inverse powers of \/~Xt. 

The way the massive string spectrum is computed in the pure spinor for- 
malism in flat space proceeds usually as follows. Out of the worldsheet currents 
Ji, Ji,N,N, J\, J^, one writes down the most general vertex operator of ghost 
number two that is a two-form on the worldsheet. Then one imposes that the 
vertex operator is in the BRST cohomology and finds some superspace equa- 
tions of motion and gauge invariances, from which one identifies the spectrum 
content of the superfields. In principle, one could attempt to replicate this pro- 
cedure in AdS as well. However, it is not going to be easy, as the superspace 
formulation of AdS, unlike flat space, has not been worked out in details. An- 
other way would be to use the worldsheet current algebra that we derived in 
the Section [4. 3 1 and solve for the primary operators, as it is usually done in the 
context of WZW models. We will use a different and simpler method instead. 
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5.3.1. Classical configuration 

In order to study the massive string spectrum, we will expand the sigma 
model around a classical string configuration, describing a point-like string sit- 
ting at the center of AdS. Using the metric of AdS in Lorentzian global coordi- 
nates 

ds^ = - cosh^ p df + dp^ + sinh^ p dS^ , (205) 

our string configuration sits at p ^ and evolves in time as e*^* . In the static 
gauge, this is described by the coset element 



5((T,T)=exp[-Ti?T/VAt] , (206) 



that solves the worldsheet equations of motion (112), where T is the anti- 
hermitian PS'[/(2,2|4) generator corresponding to the AdS time translations 
and T is the worldsheet time. In this Section we are using a different form of 



the psu(2, 2|4) algebra, that the reader can find in Appendix C.4 The only 
non-vanishing left-invariant current in this background is 



Jr = T^drg = -ET/^t ■ (207) 

Hence, such classical configuration has vanishing BRST charge. 

The Noether currents for the global PS'[/(2,2|4) symmetry of the string 
sigma model are given by 

J = #3 (^2 + i J3 + i Ji + iv) g-i , (208) 
and the Noether charges is 



Gpsu = f dajr , (209) 

where 

Jr = ^9[Ji + J2 + J3 + N + N]rg~' . (210) 

ZTT 

In particular, the AdS energy operator E evaluated on the string configuration 



(|206|) gives 

daStrT jr = E, (211) 
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where we used Str(TT) = —1. Since we consider positive energy configurations, 
we can take E to be positive in the foUowing. 

The classical Virasoro constraint for such configuration reads 



T + T = 



(212) 



The classical Virasoro constraint (212) will be modified by quantum effects, 
which are going to allow for a non-zero solution for E. Since for massive string 
states, such as the one we are considering, the energy scales as E ^ the 



classical contribution to ( 212 1 is of order one and may be canceled against quan- 



tum effects. Note that the classical configuration (206) is completely analogous 
to the tachyon vacuum in bosonic string theory, whose profile is in fact e^'^'^ . 
In the bosonic string, the vacuum |fc) is a tachyon with momentum k and the 
classical part of the Virasoro constraint is fc^ = —AP, while in our case the 



vacuum \E) has energy E and classical Virasoro constraint (212). 



5.3.2. Quantization 



Let us quantize the pure spinor action (110) around the classical configu- 



ration (206) using the background field method. We parameterize the coset 
element hy g — ge-^ , where 

X ^tT + X^Pa + $J + X^Pi + e"Qa + e-^Qa + e°Qa + e-^Qa , (213) 



are the quantum fiuctuations and g is given in (206). The new notations in eq. 



(213) are explained in Appendix C.4 As in the previous Section, we chose a 
coset gauge in which the grading zero part of the fluctuations vanishes. The left 
invariant currents are given by 



Jr = e-^{dr - ET/x/\t)e 



X 



J a - 



-X 



da 



X 



(214) 



By expanding the action (110) up to quadratic order as in (126), (127) and 



(128), and using the psu(2,2|4) structure constants, we can read the spectrum 



of fluctuations around the background ( 206 ) . The quadratic part of the action 
for the fluctuations is 
/A 



5* = 



2-K 



-dtdt+dJdJ+5ijdX'dX-^+6AB | dX^'dX 



X^X^ 
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+Wadl'' + WaBr + Wadt + 

The AdS^ time direction as well as the five sphere directions remain massless, 
while the remaining four bosonic directions of AdS^ acquire a mass squared 
rux = [E/s/Xt)^. The fermionic spectrum consists of sixteen massless fermions 
and sixteen massive fermions with mass squared m@ = {E/2\/\t)'^. The ghosts 
remain massless. There is no relation between the bosonic and fermionic spec- 
trum, reflecting the fact that this background is not BPS. 

We can canonically quantize the theory imposing the usual equal time com- 
mutation relations for the coordinates and their conjugate momenta. The equa- 
tions of motion of some of the fluctuations are 

ddX^ + m\X^ = , 

dde + mellde = , 

dde - mellde = . (215) 

Their mode expansion is 

O = 9o sin mQT — HOq cos meT 

9= Oo sin meT -|- n9o cos meT 

= cos mxT+ p^rux^ sin mxT + i J2n^o ZJ^ {'Px,n'^l'^ + fx,n0^l^) - 

(216) 

where, for s = (9, X), we defined 

(pl^„ = exp[~i{uJs,nT - kncr)] , ipl „ = cxp[-i(a;s_„T + fc„(T)] , 

Ws,„ = x/rnfTfcf n>0; w,,„ = -^m^ + fc^ n< , 

kn = 2-Kn , Cs,n = (1 + {'^s,n " k^f /ml) , 

(217) 



+n„6a9"a9*+n.j,a9"99^ — - 
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We can now compute the conjugate momenta 

and impose equal time commutation relations between coordinates and mo- 
menta 

[Px{<y),X{a')]^-t6{a-a') , {Pe{a),e{a')} ^ -i6{a - a') , (219) 

by which we derive the commutation relations ol the modes. In particular, the 
zero modes of the fermions have commutation relations 

{eo,eo}= ={§0,60}, 

{60,60}= 0. (220) 

Our vacuum state \E) is a scalar and is annihilated by all positive modes, 
including the zero modes of w, u". This last requirement ensures that the Lorentz 
generators for the ghosts N and N annihilate the vacuum. We can choose sixteen 
fermionic zero modes as creation operators. Since we are using global AdS 
coordinates, these are linear combinations of supercharges and superconformal 
transformations. In the rest of the paper, we will evaluate the leading quantum 
contributions to the physical state condition T+T, applied to a particular vertex 
operator to be introduced below. 



The first quantum correction to (212) comes from the central charge. Even 



if for E = 0, namely in empty AdS, the central charge vanishes (169), there 
is a normal ordering contribution coming from the quadratic part of the stress 
tensor when E ^ 0. This is given as usual by the sum of the energies of the 
oscillator modes 



+^E(6^ + + (221) 



^* - n=l 



-mV^ - ley + {E/2^/x'ty + 22v^) . 
The first term is the contribution from the zero modes of the bosons; due to the 



commutation relations (220), there is no contribution from the fermionic zero 
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modes, just as in the pp-wave Hamiltonian. Inside the sum, the first two terms 
come from the bosonic oscillators, the second two terms from the fermionic ones 
and the last term from the ghosts. We have not computed the precise value of 
E yet, but we want it to correspond to a stringy state, whose energy scales as 



E ^ v%, which gives Ej^/Xt ^ Xj \/\t ^ 1- In this limit we obtain from (221 1 
the total contribution — ■ We can drop the second term as it 

does not contribute to the energy at the order we are considering, so we are left 
with the contribution 



2E/y'\t . (222) 

Note that at order the four massive bosonic modes cancel with the 

massive sixteen fermionic modes. The contribution 2-%=^ which would vanish 

V At 

in a BPS background, will affect the one-loop correction to the energy of the 



string, contributing to the last term in ( 204 1 



5.3.3. Massive vertex operator 

Let us consider now a specific worldsheet vertex operator. All of the mem- 
bers of the Konishi multiplet have the same anomalous dimension and they are 
in one to one correspondence with the string states at the first massive level. 
Thus we will choose a particularly simple state in the first massive string level, 
that will simplify the computation. Physical states are given by unintegrated 
vertex operators of ghost number twoj^ The simplest one is Str AA and it cor- 



Since we are using both the BRST and the Virasoro conditions on physical states, let us 
comment on their respective relevance. As we saw when discussing the massless vertex opera- 
tors in Section |5.2| the BRST condition applied to the most general massless vertex operator 
gives the covariant equations of motion and gauge invariances in superspace, that relate the 
members of the supermultiplet to each other. This allows to recognize the onshell degrees of 
freedom contained in the supermultiplet, e.g. the IIB supergravity multiplet in ( |193| . On the 
other hand, the Virasoro condition gives a polynomial expression in the PSU (2, 2|4) quantum 
numbers of the state. When acting on the vertex operator for the half-BPS supermultiplet in 
) |194[ |, this polynomial expression turns out to be the quadratic Casimir of the PS'{/(2,2|4) 
super-isometry group (realized as the super-Laplacian), which vanishes for such multiplet. 
We also showed that the Virasoro condition partially fixes some of the gauge redundancy in 
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responds to the radius modulus at zero momentum (201). We will denote the 
corresponding state as 

|AA) = Str(AA)|£;) . (223) 
We choose the simple state 

\V) = xtixti\XX) , (224) 

where x'^i and x~^i are the first left- and right-moving oscillators coming from 
the fluctuations of the AdS "space-cone" coordinate — + iX^. We 
can interpret this state as being created by non-zero modes of the global sym- 
metry right invariant currents. We should emphasize that this is not a global 



PSU{2, 2|4) transformation. We identify the vertex operator (224) to be dual to 
a particular member of the Konishi multiplet with classical dimension Aq — 6, 
Lorentz spin two and singlet of SU{A). The operator |AA), corresponding to 
the radius changing operator, is dual to the Yang-Mills lagrangian and it has 



Aq — 4, so it is natural to expect that (224 1 has two unites more of classi- 
cal dimension. This state is a two-magnon impurity of mass E/y/Xt, whose 
contribution to the worldsheet energy is 

2^Jl + {E/^tr ■ (225) 

5.3.4- Quartic corrections 

Other possible contributions to the physical state condition at this order 
may come from the terms in the stress tensor T + T, expanded to quartic order 



in fluctuations around the classical background ( 206 ) and acting on the specific 



vertex operator ( 224 ) . Let us analyze the possible terms. 



The factor of 2 in front of the square root in ( 225 ) may get corrected by 
quartic terms in T + T" of the form {dX)'^X'^, due to normal ordering. However, 



the supcrspacc description of the supcrmultiplcts in l |198[ l, choosing the gauge in which the 
vertex operator is a worldsheet primary field. In the present discussion, we are interested 
in computing the eigenvalue of the energy operator for the Konishi multiplet, which is one 
of the generators of PSU{2,2\4), appearing in the Virasoro condition. This condition is a 
polynomial expression in such eigenvalue, which we must set to zero and solve for the energy. 



100 



there is no normal ordering due to this term. This comes from the fact that any 
correction to this term has to be proportional to the one-loop beta function, 
which vanishes. There are other corrections that are not protected by the beta 
function argument, but they are of the form {E / \fXt)dXX^ and [E/^fXtYX'^. 
In any case, they give higher order contributions to the energy and we can safely 
neglect them. 



The last possible contribution comes from the fact that the operator (224 1 
might mix with other operators due to quartic terms in T + T. In order to study 



the mixing, we have to compute the momenta (218) conjugate to the fields up 
to quartic terms in the action, then plug these back into the stress tensor. The 
momenta are of the form 

SdrXi 

where . . . are higher order terms in the fluctuation, which must be included up 
to the third order. In this way we eliminate all the time derivatives in the stress 



tensor. For the particular vertex operator (224 1 we may only consider the terms 
with four bosonic or two bosonic and two fermionic fields. The relevant terms 
in the hamiltonian are the following: 

Str(-^[9,Xi,X2][P2,X3] + ^[d,XuX3][P2,X2] + ^[d^X2,Xi][P2,X3] 

-^[d„X2,X2][d„X2,X2] - ^[d^X2,X2][X3,Xi] - ^[d^X2,X2][Pl,X3] 
+ ^[d,X2,X2][P3,X,] - ^[d,X2,X3][Pl,X2] - ^[d„X3,X,][P2,X2] 
-^[d^X3,X2][PuX2] - ^[d^X3,X2][P2,X,] + ^[P,,X2][P3,X2] 
+ ^ [Pi , Xs] [P2,X2] + ^ [P2 ,X,][P2,X3] + ^ [P2 , Xi] [Ps , X2] 
I [P2 , X2] [P2,X2] + l [P2 , X2] [P3 , ^1] 

6 3 
Terms quartic in bosons can both introduce mixing and also correct the energy 
of our state. Terms with two fermions and two bosons will only give mixing. For 



the particular choice of the "space-cone" polarization in (224), it is easy to see 
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that there will be no mixing with other bosonic states, nor mixing with states 
ereated by two fermions, since the stress tensor will only have commutators 
and products of gamma matrices, which vanish for this particular choice of 
polarization. In fact, this simplification is what led us to choose that particular 
member of the Konishi supermultiplet in the first place. However, there is a non- 
vanishing correction to the energy, proportional to the state itself, coming from 
the term i(Str [P27 -'^2]^ ^ Str [9o--'^27 -'^2]^) in the stress tensor. At this point. 



we can expand the Hamiltonian into modes as in (2161 and use the canonical 



commutation relations in (219) when applying the Hamiltonian to the state 



(224). We obtain the following correction to the physical state condition: 



2/vA 



(226) 



5.3.5. Conformal dimension 



Summing up the contributions (212), (222), (225), and (2261 to the Virasoro 



constraint, we find that the physical state condition 



{T + T)\V) = , 



(227) 



gives 



E{E - 4) 




= . 



(228) 



The positive energy solution of this equation gives the energy of our string 



state ( 224 ) . According to the AdS / CFT dictionary, the energy operator on the 
string side of the correspondence is mapped to the dilatation operator on the 
field theory side, whose eigenvalues are the conformal dimensions of operators. 



Above, we identified the field theory dual to the string state (224) as a member 



of the Konishi multiplet with classical dimension Aq — 6, Lorentz spin two and 
singlet of SU{A). Its conformal dimension at strong coupling is therefore 

2 



/^^E = 2V\t. 



(229) 



Hence we derived ( 204 ) with Aq = 6 
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5.4- String correlation functions 

After solving for the string spectrum, which corresponds to evaluating the 
two-point functions, the next step is to compute string n-point correlation func- 
tions on the worldsheet. These give the 1/Nc corrections to the planar limit of 
A/" = 4 SYM. Correlation functions on the CFT side are dual to string scattering 
amplitudes on the AdS side, where each vertex operator insertion is dual to a 
specific gauge theory operator insertion, schcmaticalljp] 



The right hand side is a tree level string amplitude. The vertex operators 
depend both on the insertion point Zi on the worldsheet and on a parameter x^, 
that represents the operator insertion on the AdS boundary. Here we will not 
evaluate any correlation function explicitly, but we will show how to integrate 
the zero modes of the worldsheet variables and define the higher genus amplitude 
prescription, which involves the construction of the b antighost. 

The pure spinor sigma model in AdS, albeit interacting, is in a sense simpler 
than the flat space one. In the G/H supercoset realization with the Z4 grading, 
the Hi and the fermionic subalgebras are complex conjugate of each other. 
As a consequence, the left and right moving pure spinors are complex conjugates 



This crucial fact implies that, unlike in flat space, we do not need to add any 
non-minimal pure spinor variables in the AdS sigma model. The b antighost 
and the scattering amplitudes are easily defined just using the minimal variables. 
Moreover, the Riemann curvature coupling to the pure spinor Lorentz generators 
provides a natural gaussian regulator for the zero mode integral on the pure 
spinor cone. These facts imply that the "minimal" pure spinor formalism we 
have been using so far is suited for the amplitude computation. 

^■^We consider here a sphere amphtude, so on the string side we only integrate over n — 3 
positions on the worldsheet and fix the remaining three using the SL{2) symmetry. 




3 n 



AdS ■ 
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The tree level prescription for string scattering amplitudes differs from the 
flat space one by the rule for the integration of the zero modes. The closed 
string n-point function 

An{xi,...,x^)^{\{U^\z,-x,)\{ / <fz,vf\z,-x,)) , (230) 

1=1 1=4"^ 

where the Z^*-^-''s are ghost number two unintcgrated vertex operators and the 
V*-°-''s are ghost number zero integrated ones, is defined in flat space using the 



zero mode integration rule ( 29 ) , that is 

{f{X, 0, 9, A, A)) flat = / rfiOx / d^9a,...a, J d^h,...&, 
(7"5a)"i irdxT' hPd^r^ (7mnp)"^"^ (7"^%)"^ (7'"%)"^ iYd-^)"^^ (79,-.)"^"= 

f{X,9,9,xMg^g^o- (231) 
Note that the function f{X, 9, 9, A, A) in the previous equation was called A^A'^ A''' 



fai3-y{X, 9, 9) in (29). In the AdS^ x 5 background, on the other hand, the zero 



mode saturation rule 

{f{X,9,9,\X))Ads= (232) 
= j d^°x J d^^9 J d^^9 sdetE^fJ d"Ad"A/(X,6',^, A, A)!^^^^^ , 

where E-^f are the AdS^ x super-vielbein, has a clear geometrical meaning 
as the Haar measure Vg on the G/H coset 

Vg^ J d^°x J d^^9 J d^^9sdetE^j . (233) 

5.4-1- Amplitude prescription 

Since (6, c) and (b, c) reparameterization ghosts are not fundamental world- 
sheet variables in the pure spinor formalism, ij-loop scattering amplitudes Ag 
are defined as in topological string theory where the left-moving b antighost and 
right-moving b antighost are composite fields constructed to satisfy 

{Q,&}-r, {Q,6} = f, 
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where Q and Q are the left and right-moving BRST operators and T and f are 
the left and right- moving stress tensors. As in topological string theory, the in- 
tegration measure is then defined by contracting (3.g — 3) composite b antighosts 
with the Beltrami differentials /i corresponding to the (3(7 — 3) TeichmuUer mod- 
uli r of the genus g Riemann surface 

An^ j J d'^-'f{{ J nbf^-^{ J fihr^-'fl J d'zM"\z^)) ■ (234) 

i—l 

Note that in flat background, the integration over the g zero modes of the world- 
sheet one- forms w^w requires the introduction of a special BRST exact regula- 
tor, depending on the "non-minimal" pure spinor variables. In the AdSc, x 
case, however, the coupling of the Riemann curvature to the ghost Lorentz cur- 
rents exp(— Str iViV), which is already present in the action, provides naturally 
such regulator. 

In a flat background, the construction of the b antighost satisfying {Q, b} = T 
is complicated and requires the introduction of non-minimal worldsheet vari- 



ables. However, in curved backgrounds where the R-R supcrfield (44) is invert- 
ible, we do not need to introduce non-minimal variables. 

Instead of introducing new non-minimal variables (Aq.,Ac,) to play the role 
of the complex conjugates of (A", A"), one can simply define 

Aq = ?7aaA", Aa = 77qqA". (235) 

So after multiplying by the inverse RR superfield P^^ ~ r/, the original left 
and right-moving pure spinor ghosts can be interpreted as complex conjugates 
of each other. In a flat background, this interpretation is not possible since 
A"Aq, — rjaaX^X" is BRST-trivial, so it cannot be interpreted as a positive- 



definite quantity. As we showed in the Section 5.2.1 the vertex operator 

V = Va&X"X" = (AA) , 

which is in the cohomology, is obtained by the descent relation from the action. 
So it is consistent to interpret t^qqA^A" as a non- vanishing quantity since it can- 
not be gauged away. After interpreting the complex conjugate of the pure spinor 



variables as in ( 235 1 , the construction of the b antighost is straightforward. 
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However, unlike the left-moving b antighost in a flat background, the b 
antighost in a curved background is not holomorphic, i.e. it does not satisfy 
db = 0. Instead it satisfies 

Bb = [Q, O] (236) 

where O is defined by taking the antiholomorphic contour integral of b around 
b. One similarly finds that the b antighost is not antiholomorphic and instead 
satisfies 

db - [g, d] (237) 
where O is defined by taking the holomorphic contour integral of b around b. 



To prove ( 236 ) , one uses the properties 

{Q,6} = T, {g,6} = 0, {Q,b} = T, {QM = (238) 
to show that 

96- [f_i,6] = [{QXi},b] - [Q,0] (239) 
where [T_i,X] and {b^i,X} denote the antiholomorphic contour integral of T 



and b around X, and O = {5_i,5}. One can similarly use (2381 to prove (2371 
where O = {6_i,6} and denotes the holomorphic contour integral of 

b around X. 

Although this non-holomorphic structure of the b and b antighosts is unusual, 



( 236 ) and ( 237 1 should be enough for consistency of the amplitude prescription 



of ( 234 ) . In order that J fib in ( 234 1 is invariant under the shift of the Beltrami 
differential /i — >■ fi + dv for any v, one usually requires that db = 0. However, if 
one can ignore surface terms coming from the boundary of TeichmuUer moduli 
space, it is sufficient to require the milder condition 

db = [Q, O] . (240) 

This can be shown by pulling (j off of O and using [Q, V] = {Q, b} — and 
{Q, b} = T to obtain terms which are total derivatives in the TeichmuUer moduli. 
If one can ignore surface terms from the boundary of moduli space, these total 
derivatives do not contribute. 
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5.^.2. b antighost 

It will be convenient to redefine the hatted worldsheet quantities by intro- 
ducing a factor of the constant Ramond-Ramond superfield rj"" = (701234)"" 
and its inverse ijaa = (701234)00 

A„ = 77„sA" , w'^ = r^wa, , (J3)a = Vo.&Jt (241) 

In terms of the PSU{2,2\A) super Lie algebra, the grading one and the 
grading three subspaces are related by hermitian conjugation which implies 



After the redefinition (241 1, the stress tensor of the worldsheet theory reads 

~\J!i4Vab + J?Jzc.~w^V\'', (242) 

and it is easy to check that it satisfies {Q, T} — {Q, T} — 0. 

Before we consider the h antighost, let us introduce the projection operator 

with the following properties 

(1 - i^)7''A = , /i:7"7''A = , KV\ = , (244) 

and similar for A. Its traces over the spinor indices are Tr X = 5 and Tr [l—K] = 
11. By means of the projector we can introduce the new gauge invariant 
quantity 

w^il-KTp, (245) 

The expression for the AdSc, x antighost can be written in terms of the 
(1 — K)'^ projector as 

^= %f|p-^a(l-if)3jf . (246) 



Using the BRST transformations in (107), it is easy to show that = T. 

We will be ignoring possible normal-ordering corrections to the h antighost and 
will only be considering the terms in h which are lowest order in a' . 
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The other crucial property of the b antighost is 

{Q,b} = 0. 



Let us prove it. The variation of the first term in (246) is 

^ ((A7aVA)J2" - (A7aJ3)(A7V3)) , 

which vanishes because of the pure spinor constraint and the properties of ten 



dimensional gamma matrices. The variation of the second term in (246) is 



which vanishes due to the properties of the projector (244). 

An analogous construction carries over to the right-moving sector. The 
right-moving stress tensor and antighost are 

f= ^lj-jbrj^f, + J^Js^-wVX, (247) 

^= -^(A7aJi)Jf-u;"(l-i^)g(J3)0 . (248) 
One can check that {Q, b} — T and {Q, b} = 0. 



We can apply the argument given in (236) to show that the b antighost is 
conserved up to BRST exact terms. The details are collected in [Appendix D.6" 
Guide to the literature 

The AdS/CFT correspondence was introduced in the three seminal papers 
^ [2 |3] . The amount of literature on this topic is huge and we will only men- 
tion three reviews. A comprehensive review of the early days of AdS/CFT 
correspondence is (97) . A useful beginner review with some basic computations 
carried out in details is [SS] . An advanced review that focuses on the worldsheet 
aspects of the correspondence and exploits its integrability (discussed later in 
our Section |6| is |^ . 

The massless vertex operators of the pure spinor sigma model in AdS were 
analyzed in [7S]. The radius changing operator is discussed in [JDl SH HOOj - 
where a derivation of the pure spinor formalism in AdS from the gauge fixing 
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of a classical G/G coset model is also presented. The vertex operator for the 
beta-deformation was derived in |101j and used to deform the AdS^ x action 
in gg. 

The massive string vertex operator dual to the Konishi multiplet has been 
studied in [T7j, using the techniques developed in [1021 I103j and |104) . The 
same results have been obtained by semi-classical methods in [T3^ and [T6] and 
reproduce the earlier conjecure for the anomalous dimension of the Konishi 
multiplet proposed in [18 , using integrability and the Y-system. The first two 



terms in (204) were derived much earlier in |105j . in the context of the AdS/CFT 
approach to the Pomeron exchange in QCD. 

There are a number of papers that address the computation of the string 
theory spectrum in AdS^ backgrounds, which provide a somewhat different per- 
spective from the one we took in this chapter. The construction of vertex 
operators in AdS^^ with NSNS flux was considered in j35| . More recently, in the 
series of papers [TUi [Ml [Ml [Ml [IIS], the AdS^ background with RR flux 
has been considered from the point of view of the worldsheet current algebra 
and its massless sector and other interesting observables have been computed. 

We have not mentioned the string spectrum in the BMN sector, namely 
small fluctuations around a point-like classical string moving fast around the 
equator of the five-sphere. The interested reader can find the GS sigma model 
on such background in |104) and the pure spinor sigma model in |llll llOOj . An 
alternative covariant formulation with Af — 2 worldsheet supersymmetry can 
be found in |112j . The AdS/CFT analysis of the BMN sector is carried out in 

The computation of string theory correlators in AdSc, x 5^ is a relatively 
new topic. The three point functions of two semi-classical string states and a 
supergravity mode has been computed in the GS formalism in [25l [26l [27l|28] . In 
the pure spinor formalism, the prescription for multiloop scattering amplitudes 
in AdS has been proposed in [HI 1100) and the b antighost has been constructed 
in [Sni- 
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6. Integrability 

The pure spinor superstring on AdS^ x background is an integrable two- 
dimensional conformal field theory. It inherits its classical integrability from the 
GS sigma model. 

The pure spinor sigma model is an integrable model of a new kind. It displays 
the usual Yangian symmetry, which is encoded in the Lax representation of the 
string equations of motion. On top of this, there is a new structure, which is not 
present in other integrable sigma models: BRST symmetry. The interplay of 
Yangian and BRST symmetry leads to the quantum integrability of the sigma 
model, which has been proven both explicitly at one-loop and also algebraically 
at all orders in the sigma model perturbation theory. In this chapter we will 
explain all of these features. 

6.1. Classical integrability 

We will first derive the Lax equation. Consider a sigma model on a super- 
coset G/H, that has a Z4 automorphism, where the gauge symmetry acts on 
the right g gh. We can build two kind of currents: the moving frame currents 
J = g~^dg are invariant under the global symmetry acting on the left, but they 
are covariant with respect to the gauge symmetry acting on the right, namely 
Ji h~^Jih, for i = 1, 2, 3 and Jo h~^Joh + h~^dh; the fixed frame currents 
j = dgg~^, which are invariant under the gauge symmetry, but transform in the 
adjoint representation of the global symmetry group G. 

Suppose we can find a gauge invariant current a(/i), depending on a complex 
parameter fi that we will call the spectral parameter, such that it obeys the 
fiatness condition 



Given a flat connection, the equation {d + a)U = is integrable and it is solved 
by the Wilson line of the flat connection around the string worldsheet 



da + a A a = . 



(249) 




(250) 
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where C is contour on the worldsheet and P denotes the path ordering of the 
Lie algebra. Because the connection is flat, the Wilson line is invariant under 



the continuous deformations of C with fixed endpoints. Using ( 250 ) one can 
construct an infinite set of non-local conserved charges, which implies that the 
theory is classically integrable. 

It is more convenient to work with upper case currents, so let us see how the 
conserved charges arise in the moving frame language. Let us define a moving 
frame flat connection A(^) as 

d + A{fi) = g-\d + a{fi))g , 

that yields 

Ai^i) = J + g-'aifi)g, (251) 

where J = g~^dg = Jo + Ji + J2 + J3 is our usual left-invariant current. Because 
of the flatness condition on a{p) and the Maurer-Cartan equation on J, the left- 
invariant current A(/i), which is called a Lax connection, is flat as wel|^ 

A A A = . (252) 



If we can flnd an A(/i) that satisfies (252), we can construct a monodromy 



matrix, that is the Wilson loop of the Lax connection around the closed string 
n(p; Q) = Pexp j A(/i)^ , (253) 
where C is a non-contractible loop around the string worldsheet, bound to the 



point Q. Because of the flatness condition (252), two monodromy matrices 



based at two different points Q and R only differ by a similarity transformation 

^•^One can parameterize the left invariant currents as A = g~^ag instead, and derive from 



( 249 I the equation dA + JAA + AAJ + AaA = 0. This is how the pure spinor Lax connection 
was first derived, however note that the paramotrization ( |251| is more convenient, since we 
can construct a monodromy matrix directly in the moving frame. 
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where u — Pexp §^ A{^)^ and 7 is a contour between Q and R. It follows 
that the eigenvalues of the monodromy matrix do not depend on the reference 
point Q and therefore are conserved quantities of the string sigma model. 

Note that under any symmetry that transforms the Lax connection by con- 
jugation 

5A{^i) = dK + KhA{^i) , (254) 



the monodromy matrix ( 253 1 transforms by similarity and therefore the eigen- 
values are invariant. In particular, this holds for the gauge symmetry as well as 
for the BRST symmetry of the pure spinor sigma model, as we will see below. 
Pure Spinor Monodromy Matrix 

We are looking for a left invariant current depending on the spectral 

parameter /i, that satisfies the flatness equation ( |252 ) and is built out of the 
currents of the pure spinor sigma model. Let us take a generic combination 

A = caJa + ci Ji + C2J2 + C3 J3 + cnN , 

A = Co Jo + ci Ji -I- C2J2 + C3 J3 -I- CnN , 



and impose (252 1. By using the equations of motion and the Maurer-Cartan 
equations, we find conditions on the coefficients Ci,Ci, that can be solved in 
terms of one parameter /i and yield the following Lax connection 

Jo- N + fi-^J3 + fi-'^J2 + fi-^Ji+ fi-'^N , (255) 
A^ Jn- N + ^_iJi+ l?J2 + iJi^.h + tJ-^N . 

Note that worldsheet PT transformation on the Lax connection, namely z o z 
and exchanging grading 1 ■(-> 3, is equivalent to the inversion of the spectral pa- 
rameter /i ■;-> 1///. Hence, the Lax connection is invariant under their combined 
action 

z O z , grad 1 o grad3 , ^ O 1/^ . (256) 

Among the possible variation of the Lax connection (and hence of the mon- 
odromy matrix), the good ones are the ones that do not change the ana- 
lytic structure in the spectral parameter /i. In particular, given a function 
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of the spectral parameter the dressing transformations are defined as 

6A{iJ.) — 2?(/i)$(/x), such that 'D{fi)^{fi) has the same analytic structure in ^ 
as the Lax connection, namely a Laurent expansion in /i*^ to /i^^ for A(p,) and 
from /i*^ to /i^ for Here we introduced the covariant derivative of the Lax 

connection = d^ + A{fi) A"I>. The BRST variation of the Lax connection 

is an infinitesimal dressing transformation 

[eQ, A{^l)] = V{p)eXi^i) , [eQ, A{^i)] = Vi^l)eX{^l) , (257) 

where we introduced the dressed pure spinors A(/i) = /lA + ^A. Note also that 
the BRST acts on the monodromy matrix by a similarity transformation 

[eQ, ni^l; Q)] = [eX{^l)\Q,^l{p■, Q)] . (258) 

hence the eigenvalues of the monodromy matrix are BRST invariant quantities. 



The gauge invariant Lax connection is obtained by inverting the map (251 ). 
We have that a(/i) — g{A{ii) — J)g^^ explicitly 

a = g[ti-^J3 + t^-^J2 + t^-^Ji + it^-^ - l)N]g-^ , (259) 
a = g[iiJi + ^2 J2 + J3 + (m* - l)N\g-^ . 

6.2. Integrability and BRST cohomology 

The existence of an infinite set of BRST-invariant nonlocal charges can be 
deduced from the absence of certain states in the BRST cohomology at ghost- 
number two. These ghost- number two states are f^gh"^h^ where are the 
BRST-invariant ghost-number one states associated with the global isometrics 
and f'^g are the structure constants. Whenever f^^h^h^ can be written as 
Qfl'-^ for some Q'^ (i.e. whenever f^^h^h^ is not in the BRST cohomology), 
one can construct an infinite set of BRST-invariant nonlocal charges. 

Suppose one has a BRST-invariant string theory with global physical sym- 
metries described by the charges — f da j^{a). Since these symmetries take 
physical states to physical states, — J da j^{a) must satisfy Q{q^) — 
where Q is the BRST charge. Note that {Q, bo} — H where H is the Hamilto- 
nian, so BRST invariance implies charge conservation if q^ commutes with the 
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bo ghost, i.e. if q"^ can be chosen in Siegel gauge. With the exception of the 
zero-momentum dilaton, it is expected that all ghost-number zero states in the 
BRST cohomology can be chosen in Siegel gauge 

Since Q{J daj^lcr)) = 0, Q{j"^) = dah^ for some of ghost-number one. 
And — Q implies that Q{dah^) — 0, which implies that Q{h^) = since 
there are no cr- independent worldsheet fields. 

Consider the BRST-invariant ghost- number two states : h^h^ : where 
Jab the structure constants and normal-ordering is defined in any BRST- 
invariant manner, e.g. : h^{z)h^ {z) := § dy{y — z)^^h^{y)h^ (z) where the 
contour of y goes around the point z. It will now be shown that whenever 
Iab ■ h-^h^ • is not in the BRST cohomologjj^ i.e. whenever there exists an 
operator fi*^ satisfying Q{Vf) — f^g : h^h^ :, one can construct an infinite set 
of nonlocal BRST-invariant charges. 

To prove this claim, consider the nonlocal charge 

/oo pa 
daj^ia) / da'f{a'):. 
-oo J —oo 

Using Q{j^) = da-h"^, one finds that Qik'^) = / dal'^{a) where 

One can check that Q{1^) = f^Bdai- h'^h^ :), so Q{1^ - dM'^) = where fl^ 
is the operator which is assumed to satisfy Q{il,'^) — f^g : h^h^ :. 

Since (/'-^ — d^il''^) has +1 conformal weight and since BRST cohomology 
is only nontrivial at zero conformal weight, — d^i^'^ — (5(S'^) for some S*^. 

^*In the pure spinor formalism for the superstring, there is no natural b ghost. Nevertheless, 

it is expected that for any ghost-number zero state in the pure-spinor BRST cohomology, there 

exists a gauge in which the state is annihilated by H. 

^^This BRST cohomology is defined in the "extended" Hilbert space which includes the 

zero mode of the a;™' variables. As explained in |113l the inclusion of the x"^ zero mode in 

the Hilbert space allows global isometrics to be described by ghost-number one states in the 

cohomology. 
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Using S^, one can therefore construct the nonlocal BRST- invariant charge 

/OO na nOO 

daj^ia) / da'fia'):- daE^(a). 
-OO J —OO J —OQ 



-OO 

By repeatedly commuting (f^ with , one generates an infinite set of non- 
local BRST-invariant charges. So as claimed, f^^ : h^h^ := Q{ri'^') implies the 
existence of an infinite set of nonlocal BRST-invariant charges. 

Let us know specialize to the pure spinor sigma model on AdS^ x S^. To 
prove the existence of an infinite set of BRST-invariant charges, one needs to 
find an O = fl'^Tc satisfying QQ =: {h, h} : where h — h^T^, Q{j) = d^h, and 
= J daj^ are the charges associated with the global P5C/(2,2|4) isometries 
( [209| . It will be shown in ( |265| that Q{j) = d^{g{X - X)g^^), so 

h = giX-X)g-\ (260) 

Note that h is BRST-invariant since 

Qih) = g{{X + A), (A - X)}g-' = g{{X'^j^^X'')T^ - (r7^-A^)r„0,g-i = 

(261) 

because of the pure spinor constraint. Consider the ghost-number two state 

{h, h} = 2g{X - A)(A - A)g-i = -2g{X,X}g-\ (262) 

Since {A + A, A + A} = 2{A, A}, one can write this state as Qfl where 

n = -g{X + X)g-\ (263) 

So Qfi ~ {h, h}, which implies the existence of an infinite set of BRST-invariant 
charges. 

To explicitly construct these BRST-invariant charges, suppose one has a 
gauge invariant (i.e. lower case) current whose r-component a satisfies 

Qa = d„A + [a, A] (264) 



for some A. Then, as we discussed above, the charge (2501 transforms under 
BRST by conjugation, hence its eigenvalues are BRST invariant. It is easy to 
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check that the gauge invariant Lax connection (259) transforms as in (264) with 
K = g{^l\ + \/^l)g-^. 

Note that the global charge q = J daj{a) can be obtained by expanding a{^) 
near /i = 1. If ^ = 1 + e, one finds that a(/i) = ej + 0{e^) and A(^) = fJi + 0{e^) 
where Q{j) — h. So one learns that 

h^lmle-^A(^l) = g(X-X)g-\ (265) 

e-i-O 



as was claimed in ( 260 ) 



6.3. Quantum integrability 

In the previous section we established the classical integrability of the sigma 
model on AdS^ x . In this section we will prove that integrability survives at 
the quantum level, by explicit one-loop computation first and then by applying 
the all-loop argument based on BRST cohomology. 

After proving quantum integrability, the next step is to study the algebra 
of the transfer matrices, that are the open Wilson lines of the Lax connection. 
At the leading order in the expansion around flat space, the transfer matrices 
satisfy a generalized version of the Yang-Baxter equation. This is the starting 
point to solve the spectrum of the sigma model by using integrability, which is 
still an open problem. 

6.4. Finiteness of the monodromy matrix 

In this section we will consider the one-loop finiteness of the monodromy 



matrix ( 253 1 by direct evaluation of its UV logarithmic divergence first and then 
by proving that it is invariant under infinitesimal deformations of the contour. 

Log divergences 



Consider the open Wilson line of the Lax connection (255) 

n{C) = Pexp J (266) 

where C is an open contour on the worldsheet. The fiatness of the Lax connec- 
tion implies that classically it does not depend on the choice of the contour. If 
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we expand the path ordered exponential, we get terms of the kind 

/ A{si)...A{sn) . (267) 

J Sl<...<S„ 

Expectation values of such operators typically give linear divergences (that de- 
pend on the scheme) and logarithmic divergences, which are independent of the 
regularization scheme. 

Let us show that if logarithmic divergences are present, then the Wilson 
line cannot be conformally invariant, which impHes that the Wilson Hne would 
depend on the choice of the contour. Take two contours C and C, related by 
a dilatation: C = AC, for A real. Both 0(C) and O(C') contain divergences 
and need to be regularized. The renormaHzed Wilson Hne 0'"'=" is equal to the 
regularized plus counterterms C^ 

f2'-«"(C) = lim (Oe(C) + r,(C)) . 

If the Wilson line does not depend on the choice of the contour, then we would 
have r2''^"(C') = 0'-«"(C). Conformal invariance implies that 0,(C) = QxeiC), 
but if there are log divergences, then it is not true that rx^{C') = re(C). Such 
divergences are of the form 

J dsd,XfiX)lne , 

where X are the bosonic fluctuations, and since e has weight one they are not 
conformally invariant. Note that linear divergences / dsf{X)/e on the contrary 
are conformally invariant. We conclude that a necessary condition for the inde- 
pendence of the Wilson line on the contour is the absence of log divergences. 

There are several possible sources of log divergences in the sigma model. 
First, the currents are composite objects and get internal log divergences: even 
in the theory of a free boson these give rise to the anomalous dimension for 
the vertex operator e**^^ and they are certainly present in our interacting sigma 
model. In our case they come from the normal ordering quartic vertices and 
from the fish diagrams cubic vertices, but the they cancel in such a way that 
the currents Jj are finite. A second source of log divergences arises when two or 
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more points on the integration contour ( 267 1 coincide and the currents develop 
short distance singularities in their OPE. 

If we choose the particular gauge g = exp '-■^^'^-^^'^ exp ^ for the coset ele- 
ment, the effect of the multiple collisions of the currents generates non- vanishing 
log divergences, but it turns out that the full log divergence appears in the form 
of a total derivative. Hence, its contribution to the monodromy matrix, which 
is integrated on a closed contour, takes the form 

C) = /(e, , (268) 

where /(e, /i) is a gauge transformation that depends on the spectral parameter, 
whose one-loop expression is 

/(e,/.) = exp (a^' + M-')) C^-X . (269) 

As a result, the log divergences can be removed by a ^-dependent gauge trans- 
formation. This ensures that there exists a regularization prescription for which 
the log divergences vanish. Note, however, that the log divergences do contribute 
to the path ordered exponential of an open Wilson line, giving divergent terms 
at the endpoints, which must be properly taken into account when studying the 
transfer matrix or the Wilson loop with operator insertions. 
Contour Deformations 

A second way to prove that the monodromy matrix does not depend on the 
contour is to look at its variation upon infinitesimal deformations of the contour 

where i is the worldsheet vector index and Fij{^) ~ [di + Ai{fi),dj + Aj{^)] is 
the curvature of the Lax connection. Classically, Fij = 0, but there might be 
anomalies at the quantum level. The most general form of such an anomaly is 



6n = PO,, exp j) A{^i)j , (271) 

for a generic insertion of a ghost number zero and weight (1,1) local operator 
Ozz- Requiring consistency with the BRST transformation of the monodromy 
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matrix (258), the BRST variation of such an operator must be 



[eQ,a.-]-[a.-,A(Ai)] , (272) 
where the dressed pure spinor A(/i) = fiX+j^ X. If we write down the most general 



expression for the operator Ozz and impose that it satisfies ( 272 ) together with 



PT invariance (256), we find that such operator must vanish at the tree level. 
This proves that the monodromy matrix is independent of the contour at leading 
order. By BRST cohomology arguments this procedure can be easily extended 
to all loops, as we will discuss in the next section from a different point of view. 

6.5. All-loop proof 



One can use arguments similar to those of section 4.4 to prove that this 
construction is valid at the quantum level to all orders in perturbation the- 
ory. For example, suppose that a non-local BRST-invariant charge has been 
constructed to order i.e. Q{q^) = h"-Vl^ + C'(/)"+^) where Vt^ is some 

integrated operator of ghost-number +1, Q = Q + Qq, and Qg generates quan- 



tum corrections to the classical BRST transformations of ( 107) generated by Q. 
Like other types of quantum anomalies, fJ"^ must be a local integrated operator 
since it comes from a short-distance regulator in the operator product expansion 
{ly'). So trivial cohomology implies that there exists a local operator 
E^(o-) such that ^ Q(X!^dcrEC(cr)). Therefore, - J^^da^^{a) is 
BRST-invariant to order h". 

To verify that the relevant cohomology class is trivial for the superstring 
in an AdSc, x background, it will be useful to recall that for every inte- 
grated operator of ghost- number -1-1 in the BRST cohomology, there exists a 
corresponding unintegrated operator of ghost-number +2 and zero conformal 
weight in the BRST cohomology. This is easy to prove since Q{J d(TW{(j)) = 
implies that Q{W{(t)) — daV{a) where V{(j) is a BRST-invariant operator of 
zero conformal weight. And if V is BRST-trivial, i.e. ii V = QA for some A, 
then Q{W — do-A) — 0. Since the BRST cohomology is trivial for unintegrated 
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operators of nonzero conformal weight, W — da^ = for some E. So 

J daW{a) = j dcr(QS(cr) +9^A(cr)) = Q{j daY.{a)), (273) 

which implies that j' d(jW{a) is BRST-trivial [TM] . 

At ghost-number +2, the only unintegrated operators of zero conformal 
weight which transform in the adjoint representation of the global PSU{2, 2|4) 
algebra are 

V'l =5 (A"r„)(A'^r^) g-i and V2 ^ g {\''Ts.){XPt g-\ (274) 

where g{x, 0, 9) transforms by left multiplication as Sg{x, 9, 9) — T,g{x^ 9, 9) un- 
der the global PSU{2,2\4) transformation parameterized by E = E"^T^. One 
can easily verify that Q{Vi — V2) 7^ and that Vi +V2 — where 

C!= ^5 (A"T„ + A"T^,) 5-1. (275) 

So the cohomology is trivial, which implies the existence of an infinite set of 
non-local BRST-invariant charges at the quantum level. 
Guide to the literature 

Integrability of the GS action in AdS, discovered in [TU1|115| . is reviewed in 
great details in [Tlj. The recent review [32] covers extensively the AdS/CFT 
application of integrability from both the gauge theory and the string theory 
side. 

The Lax representation of the equations of motion of the pure spinor action 
in AdS was derived in [22]. The relation between non-local conserved charges 
and BRST cohomology is discussed in |23) . 

A classic discussion of quantum anomalies in the higher non-local conserved 
charges is [1161 1117j . Some quantum properties of the pure spinor monodromy 
matrix are studied [95l [24l I118j . The algebraic proof of the BRST invariance of 
the non-local conserved charges at all loops appears in |21) . 

More advanced topics, that we did not touch, are: The fusion rules and the 
classical Yang-Baxter equation satisfied by the open Wilson lines of the Lax 
connection [21]; The Hirota equation (Y-system) satisfied by such Wilson lines 
in PSL{n\n) sigma models |119j . 
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Appendix A. Notations 

In this Appendix we collect the conventions and notations used in ten di- 
mensional flat space, in a generic curved background and in an AdS^ x 
background. 

Appendix A.l. Flat background 

In the flat ten-dimensional background, we use lower case roman letters 
from the middle of the alphabet m,n,. . . = 0, . . . , 9 to denote vector indices 
and Greek letters a, /3, . . . = 1, . . . , 16 to denote sixteen-component Weyl spinor 
indices. 

The Dirac matrices in ten spacetime dimensions are thirty-two by thirty-two 
matrices and admit a real representation F™ = {I® (iT2), (T'*(g)Ti, x0ri}, where 
cr'* for = 1, . . . , 8 are the S0{8) Dirac gamma matrices, which are symmetric 
sixteen by sixteen matrices; x is the real diagonal 50(8) chirality matrix; are 
the usual two-dimensional Pauli matrices. The ten-dimensional chirality matrix 
is I (g) r3 and the charge conjugation matrix C is such that CT"* = — (r™)^C 
and is equal to T^. We can split a thirty- two component Dirac spinor into left 
and right moving sixteen component Weyl spinors ^ = ) and introduce the 
off-diagonal Pauli matrices 



where cr™ = {I,cr'',x}, ct™ = {-I,cr^,x} and cj = -c^^ = I. The Dirac 
gamma matrices multiplied by the charge conjugation matrix can be split into 
off-diagonal Pauli matrices 



which are sixteen by sixteen symmetric matrices. Since Weyl spinors of different 
chirality are inequivalent 50(1, 9) irreps, we cannot raise and lower indices and 
therefore we will omit the dots on the upper indices and just use undotted indices 



^^m^^^_ -jj^g tcn-dimensional PauH matrices satisfy {7™, 7"} = 2rj' 




(A.1) 




(A.2) 
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We define the weighted antisymmetric product of gamma matrices as 

k\ ' 

and j™^^™!---™^ are symmetric in their spinor indices, while ■-y"*i™2m3 jg anti- 
symmetric. Any bispinor can be decomposed along such basis as 

/«/ = 3^ (S^ifg) + ^hab)J{fr''9) + iir'^XHfiabcdg) , (A.4) 

= h {ll^Ulag) + 5T7S'/(/7a6c5) + hlT'Ulabcdeg)) ■ (A.5) 

50(1,9) identities 

Some useful ten-dimensional gamma matrix identities are 

(7a6)a^(7"')7' = ^lu)^' Ma-y ' 25^j'^ - SSiS^ , 

7f/7l= ^^Vpv 
7S-"^72f...a. = 5! (le^;'^,^^) - 272,72^) , 

^ai...ak _ (\kik-l)/2 D\ ( \ 

7 lai...au — \ ) (D-k)\ ' \^-^} 

^a^bi...bk _ ^_'jk^bi...bk^a _^ j^^a[bi^b2...bk] ^ 
^a^bi...bk _ ^abi...bk _|_ lj^^a[bijb2...bk] ^ 

j^j»l>i...bk ^ {D-k + l)7''i-'"= , 

where D = 10. 

Appendix A. 2. Curved background 

The curved ten-dimensional type II superspace coordinates are described by 
indices from the middle of the alphabet = {X"\ 6*^, 6"^), where and 9 are 
sixteen component real Majorana-Weyl spinors of the same chirality {9^,9^^) 
in the type IIB case and of opposite chirality {9^,9jx) in the type llA case. 
We denote the flat tangent superspace with indices from the beginning of the 
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alphabet A — {a, a, a). The zehnbein E^j convert curved into flat indices and 
satisfy 

where the only non-zero component of Gab is the flat Minkowski metric rjab- 
The pullback on the worldsheet of the target space super-zchnbein arc denoted 

by 

n-^ = EtfdZ'^' . (A. 7) 

Appendix B. Super Yang-Mills in superspace 

We would like to show how pure spinors arise naturally in ten dimensions. 
We will discuss this from a hystorical point of view, which is the most pedagog- 
ical way to arrange the presentation. 

We will start by considering super Yang-Mills theory in ten dimensions 
|481 I49| . To describe this gauge theory in a manifestly supersymmetric way 
we will introduce a ten-dimensional superspace with sixteen supersymmetries. 
One needs to impose a set of gauge invariant constraints on the superspace 
curvature to get rid of the unwanted degrees of freedom that get in once we 
go to superspace. We will show that in ten dimensions the relevant superspace 
constraint implies the equations of motion for the component fields. We will 
prove this by explicitly solving the Bianchi identity subject to the constraint. 

In the next step, we will rewrite the constraint in a convenient form and then 
we will recast the super Yang-Mills equations of motion and gauge invariances 
in superspace as a BRST cohomology problem. At this point, we will introduce 
a new spacetime coordinate given by a bosonic Weyl spinor, which will play the 
role of the ghost in the BRST formalism and show that consistency requires 
that this bosonic spinor satisfy the pure spinor constraint. In this sense, the 
pure spinor constraint arises as an integrability condition on the cohomology 
[SOI [ST]. 
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Appendix B.l. Ten- dimensional super space 

Ten- dimensional super Yang-Mills theory consists of a gluon and a gluino 
X", which is a Majorana-Weyl spinor in ten dimensions. We can form a covariant 
derivative Vm = dm + [ami "] and construct a field strength F^n = [Vm, Vn], in 
terms of which the classical equations of motion are 

V^F-" + ^72;3{X", X''} = , 7r^V„x" = . (B.l) 

We would like to describe this theory in a manifest supersymmetric way by 
using a ten dimensional superspace formalism. Ten-dimensional J\f — 1 super- 
space has sixteen supercharges and it is described in terms of the coordinates 
(a;™,0"), where 0" are Grassmann-odd Majorana-Weyl spinors. Let us intro- 
duce the supersymmetric derivative Da = — ^{'^"^0)adm that satisfies the 
supersymmetry algebra 

{D^,Df>} = -^^0dm. (B.2) 

Let us introduce a super-connection one-form A = E^Ab, where are 
the super-zehnbein and Ab = {Am, Ac) is the super connection, while the super 
covariant derivatives are Va = Da + [Aa, ■} and Va = dm + [Am, •]• The indices 
from the beginning of the alphabet are tangent space indices, m = 0, . . . , 9 are 
bosonic directions and a = 1, . . . , 16 are fermionic directions. The superspace 
curvature is the two-form superfield 

F=[V,V]=E''E^Fba , 

whose components are 

Fap = {V„, V^} + tS'^V™ , (B.3) 

D^a^ff) + {Aa, Aff} + -l^pAm , 
Fam ~ [^a)^m] ~ -^a-^m ^mAa ~t~ [^aj-^m] , 
Fmn — [^mi^n] — ^[m^n] ^ [^m^^n] • 

The curvatures are invariant under the gauge transformations 

SAa = V„il 

(B.4) 
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The superconnections {Aa,A„i) contain too many degrees of freedom. We want 



to impose constraint on the gauge invariant curvatures (B.3 ) such that we get rid 



of the unwanted degrees of freedom and at the same time we impose the equa- 



tions of motion (B.l). We claim that both goals can be achieved by imposing 



the single contraint 



(B.5) 



Let us show that by plugging (B.5) into the Bianchi identity we find the 



equations of motion (B.l). The first Bianchi identity reads 



and by using the definitions of the curvature (B.3) we can rewrite it as 



(B.6) 



(B.7) 



If we substitute the constraint (B.5 1 into the Bianchi identity (B.7) we end up 
with the equation 







(B. 



Because of the Fierz identities (A. 6 1, the unique solution to (B.8) is in terms of 
a new superficld W 



fin 



(B.9) 



Note that the lowest component of W is the gluino 

The second Bianchi identity 

[{V„, V;3}, V„,] + {[V„, VJ, V/j} - {[V;3, V„], V„} = 



(B.IO) 



can be rewritten, using the expressions for the curvature (B.3), in the following 
form 



(B.ll) 
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Imposing the constraint ( B . 5 1 and the solution of the first Bianchi identity ( B . 9 ) , 



the Bianchi identity (B.lll becomes 



(B.12) 



After multiplying this expression by {'^^Y'^ {'"^hj-yril^)"'^ and making repeated 
use of ten-dimensional gamma matrix identities we eventually find 

V„W^'5 = -i(7"")a^i^™„ , (B.13) 

and by further taking the trace obtain 

V„VF"=0. (B.14) 

This last equation will be useful when comparing the ten-dimensional onshell 
superspace with the four-dimensional offshell superspace. 
Consider now the third Bianchi identity 



] + [[V„,Va],V,„] = 



(B.15) 



By plugging the curvature (B.3) and the previous solution (B.9) we can recast 



(B.15) in the following form 



(B.16) 



We will now see that (B.13 1 and (B.16 1 imply the gluino equation of motion. 



Let us act on (B.13) with V-y and symmetrize on the (07) indices. By the 



curvature definition (B.3) and the contraint (B.5) we find 



(B.17) 



Now let us plug (B.16) into (B.17) 



I'^^VmWP = -^(7'"")(/(7™V„W^)„) 



(B.18) 



and finally take the 5'g trace and find the equations of motion for the gluino in 



(B.l) 



7a-yV„W^ = . 



(B.19) 
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By further applying (7riV)" to (B.19I and using (B.9) we arrive at 



(B.20) 



which is nothing but the gluon equation of motion (B.l) 



In summary, by using the Bianchi identities (B.6), (B.IO) and (B.15), we 
have shown that the superspace constraint 



is equivalent to the ten-dimensional super Yang-Mills equations of motion (B.l ) 



The expansion in components of the fields encountered in this analysis is given 

by 

„ 1 



(B.21) 



Appendix B.1.1. Comparison to four dimension 

In four dimensional M = 1 superspace, spinors have dotted and undotted 
indices. One can impose the following set of constraints on the superspace 
curvatures 



Fal3 — F„.a — FnB — 



/3 - 



(B.22) 



and plug them into the Bianchi identity as in the previous section. The Bianchi 
identities can then be solved in terms of the two complex conjugate superfields 
W", satisfying the constraints 



Do,W" - DJV^ = , 



(B.23) 



whose component expansion is 



W''=X"+ + {a'''"9)"F^„ + ■■■ (B.24) 
where the dots are terms proportional to the equations of motion. The con- 



straints (B.23) imply that the D auxiliary field sitting in W is real. The con- 



straints (B.22) allow for a description of the offshell four-dimensional super 



128 



Yang-Mills multiplet, that is including auxiliary fields. We can then write down 
an action whose equations of motion are 



D^W" + DaW" = , 



(B.25) 



which, together with the constraints (B.23), imply the equation D = that puts 
the theory onshell. 

In ten dimensions, there is no dotted spinor representation, hence the cur- 
vature constraints immediately set the theory onshell. 

Appendix B.2. Pure spinors 



The constraint (B.5 1 can be equivalently written as a condition on the spino- 
rial connection 



(B.26) 



This can be seen by projecting the curvature Fafs in (B.3) on the five-form 



product of gamma matrices and using the fact that Tr jmnpgrls — 0. Conversely, 



the solution to the equation (B.26) defines the connection Am in terms of the 
spinorial connection as 



Ar, 
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{DaA(i + {Aa,Ap}) 



Hence, the contraints (B.5) and (B.26 1 arc completely equivalent. As a result. 



we can consider (B.26 ) as an alternative way to write the ten-dimensional super 



Yang Mills equations of motion (B.l ) 



We would like now to recover the equations of motion (B.26 1 and gauge 



invariances (B.4) as a solution to an auxiliary cohomology problem. Let us 



consider the linearized theory only, namely the super Maxwell theory, in which 
case we have 



P) A n 

Imnpqr-'-^a^P — U : 

(5A„ ^ DM 



(B.27) 
(B.28) 



Let us augment the target space coordinates {X, 9) by introducing a bosonic 
spinorial direction A", given by a complex Weyl spinor with sixteen components. 
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Such objects are usually referred to as twistors. This new variable will carry 
an abelian charge that we call "ghost number." Let us introduce two more 
operators. The first is a BRST charge 

Q = y^Da . (B.29) 

The second is a "vertex operator," namely a ghost number one operator 

U^^^ = \°'Ao,{X,e) . (B.30) 

We would like to solve the cohomology problem 

gw(i) = , 

(B.31) 

where the gauge superfield il{X,6) has ghost number zero. 

For the cohomology problem to be well defined, the BRST charge must be 



nilpotent. The supersymmetry algebra (B.2) implies that 

{Q,g} = -A"A^2>5™ , (B.32) 

hence we find that the BRST charge is nilpotent if and only if the bosonic 
spinors A" satisfy the constraint 

A"7^^A'' = . (B.33) 

Such spinors are called "pure spinors." 



Let us go back to the cohomology problem (B.31 1. The first condition implies 

The symmetric bispinor A"A^ can be decomposed along the basis of odd-form 
gamma matrices 

16A"A'5 = jZ^iXj'-X) + ^7X(^7""^^) + ^7™.(A7™'-A) , 



but 7mnp is antisymmetric in the spinor indices and the A's satisfy (B.33), so 
the product of two pure spinors is proportional to the product of five gamma 
matrices 

A"A^ = Y^lrnnp,r{X^"'^X) . 
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Hence the cohomology equation (B.31 1 gives 

which are precisely the equations of motion and gauge invariance of ten-dimensional 
super Maxwell theory. 

The pure spinors are nothing but the way to rewrite the ten-dimensional 
onshell super Yang-Mills theory as a cohomology problem. This is why they 
provide a natural way to describe superstring theory in superspace. 



Appendix C. Supergroups 

In this Appendix we list the details of the superalgebras we need to realize the 
various backgrounds in the text. We constructed our superalgebras according 
to . 

Appendix C.l. Notations 

The superalgebra satisfies the following commutation relations: 

\T T 1 — fP T 

y-'-rm J-nJ Jmn-'-p 

{Qq, Q^} = -4"^Tm 

where the T's are the bosonic (Grassman even) generators of a Lie algebra and 
the Q's are the fermionic (Grassman odd) elements. The indices are m — 1, d 
and a ~ I, D. The generators satisfy the following super- Jacobi identities: 

fp f 9 _|_ fP f 9 _i_ fP f 9 = n 

JnrJmp ~ JrraJnp ' JmnJrp ^ 

pi _ P7 pS _ fP pS _ A 

na m7 ma ny J mn pa ^ 

^m-r'^PS + -^m^J^"(5 ~ fmp^^p^ = 
+ ^^-la^pP + ^^aP^p-i = ^ 
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Generally we can define a bilinear form 



< Xm,X^ >= XmXjv - (-1)''(^")s(^")XjvXm = C^M^P 

where X can be either T or Q and P = 1, d + D (say the first d are T's 
and the rest D are Q's). ^(Xm) is the Grassmann grading, g{T) = and 
9{Q) = 1 and C^j^ are the structure constants. The latter satisfy the graded 
antisymmetry property 

We define the super-metric on the super-algebra as the supertrace of the 
generators in the fundamental representation 

9mn = StrXjvfXjv, (CI) 

We can further define raising and lowering rules when the metric acts on the 
structure constants 

Cmnp = QmsCnp ■ 

For a semi-simple super Lie algebra (|.gAfw| 7^ and the bosonic part |/irnn| 7^ 
0) we can define a contravariant metric tensor through the relation 

9mp9 — "m ■ 

The totally graded antisymmetric structure constants are defined as 

/aBC = 9ADfBC > fc^ = fcD9^^ ■ 

The Killing form is defined as the supertrace of the generators in the adjoint 
representation 

Kmn = (-1)»(^^)C|m<^sjv = (-l)»^''"^«(''"^/fArM 

(while on the (sub)Lie-algebra we define the metric Kmn = fmqfnp)- Explicitly 
we have 

~ ^mn ^ma-^n^ ~ ^nm 
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Kap — F^^A^^ — F^^pA^^ — —Kpa 

The Killing form is proportional to the supermetric up to the second Casimir 
C2(G) of the supergroup, which is also called the dual Coxeter number 

Kmn = — C2{G) gMN- 

In the main text, we have computed the one-loop beta- functions in the back- 
ground field method. It turns out that the sums of one-loop diagrams with fixed 
external lines are proportional to the Ricci tensor Rmn of the supergroup. The 
super Ricci tensor of a supergroup is defined as 

Rmn{G) = (C.2) 

and we immediately see that Rmn — ~Kmn, in particular, we can write it as 

p (r<\ - ^'^(^) 
^mnC^) — — — 9mn, 

Appendix C.2. Gamma matrices in AdS 

In ten dimensions, we have 32 x 32 Dirac gamma matrices F™. We use 
an off-diagonal representation which is well adapted to the S'0(l,4) x 50(5) 
subgroup of the local Lorentz group of the ^^5*5 x background 

= a''(E)l4(E)T\ r''' =14® a"' (g) , (C.3) 

where a", for a = 0, . . . , 4, are 4x4 dimensional 50(1, 4) gamma matrices and 
cr" , for a' = 5, ... , 9, are 4x4 dimensional 50(5) gamma matrices and r* are 
the usual two dimensional Pauli matrices. In the text we used the 50(1,9) 
Pauli matrices (7™)"^ and (7™)q^, that are 16 x 16 off-diagonal blocks of the 



Dirac matrices in (C.3). Note that, because of the in (C.3 1, we have that 
numerically 

(7T^ = 7S,3, {r'r^ = -i^p- (C.4) 

The five-form flux in bispinor notation ^'^^-^^ = r/^^ is numerically equal 
to the identity matrix and in our conventions it is antisymmetric in the spinor 
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indices rjaa = ^Vaa- Since, in the pure spinor formalism, left and right mov- 
ing spinors transform with independent Lorentz parameters, we introduce two 
sets of gamma matrices, (7^, (7™)"'^) acting on the left moving spinors, and 
(7^) (7™)"^) acting on the right moving spinors. In the AdS^ x backgrounds, 
the two sets are related by the RR bispinor rjaa in the following way 

7^^ = VcaVppiin"^ , (7™)"^ = V^^^^l^^p ■ (C.5) 



Because of the decomposition (C.3), we have that numerically 7°- = 7°^ along 



the AdS^ directions, however 7°- ~ ^7q^ along the 5*5 directions, and the same 
holds for the gamma matrices with upper spinor indices. We have also 

and numerically we find {'fab)&^ = —{'^ab)afi: with the same sign for all ten 
directions. 

Appendix C.3. psu(2, 2|4) 

We list the structure constants of the psu(2, 2|4) superalgebra in their ten- 
dimensional form. The notation is adapted to the Z4 automorphism of the 
superalgebra. The underlined index a = 1, . . . , 10 is a ten dimensional vector, 
while a, a' = 1,...,5 denote AdS5 and vectors respectively. The spinor 
indices a, a = 1, . . . , 16 denote ten dimensional Majorana-Weyl spinors of the 
same chirality, for the type IIB superstring. 

fac ~ ~{lc)al3V^^ J fac ~ (7c) ,5^^''^ — ~1'c^Va&i 
Jed ~ "c "d ' Jc'd' — "c' "d' ' 
/[||[e/] = ^i^ceS^Sf - VclS^Sl^ + Vdl^^i^f - TldJfSf) 
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The components of the supermetric tjab are 



StvTaTb = Vab, 



StrTafeTcd = ?7[afc][cd] , 



StrTQ,Ta — — StrT^Tfj — rjaa 



where we defined rjai, = {'nab,Sa'b') and 7?[ob][cd] = {lVa{cVd]b, -lSa'[c'Sd']b')- 



Gamma matrix identities 

From the Jacobi identities for psu(2, 2|4) we derive some useful ten-dimensional 
gamma matrix identities 



iin^-yi^")" + 1^'%'^% - \{Y'^')i/{le'f')% = , (C.7) 



Appendix C.4- Alternative form of the algebra 

For the computation of the massive string spectrum we used an alternative 
form of the psu(2, 2|4) superalgebra, adapted to the classical string configuration 
sitting at the center of AdS space. Let us first rewrite the ten-dimensional Pauli 
matrices (7™)"^ and (7™) a/3 as 



where (t"s are the 50(8) Pauli matrices, the vector index i = 1, 2, 3, 4, 6, 7, 8, 9 
and the spinor indices a,d = 1, . . . , 8. The five-form flux reads 



(C.8) 




(C.9) 
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where 11 is symmetric and 11^ = 1 and 

Note that we dropped the hat from the gamma matrices to avoid having nasty 
superscripts, but we will keep a hat in the grading-three generators appearing 
in the commutators below. 

Let us give now the psu(2, 2|4) commutation relations, instead of writing the 
structure functions explicitly. The eight-dimensional index i above gets split 
into i = {A, J) where now A, J = 1, ... ,4 are four directions along AdS and 
along the five-sphere respectively. We group the generators according to their 
gradings as 

Ho = {Mab,Ma, Mjj, Mj} , H2 = {T, P^, J, Pj} 

-Hi = {Qa, Qd} , -Hs = {Qd, Qa} , (C.IO) 

where the supertraces of the generators are 

StrTT = -StrJJ = -1 , 
Str PaPb = Sab , Str P/P j = Su 
Str QaQb = n„6 , Str Q^Q^ = H . ^ , 

(C.ll) 

and the commutation relations involving spinor indices are 

{Qa,Qb} = {J-T)Sab^{QaMb} , (C.12) 

{Qd, Q^j} = (J - T)S^0 = {Qd, Q^} , 

{Qa,Q^} = <^Pi = {Qa,Q;3} , 

{Qa,Q6} = -^a^^'ll.bMAB + ^aiiU,bMij , 
{Qd,Q4} = -lal^U,^MAB + laiin,^Mij , 
{Qa, Q^} = ^ct^^U^^Ma - ^ai^U^^Mj , 
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[Qq,tj = [Qa, Jj = --n^^Qh , 




r /-~\ T"i ^ 1 1 /-V 

= [Qa, JJ = ^^abQb 


ajT] = — [Qq, J] = ^2^aP^P ' 


[Qd,T] = 


= -[Qa,j] = in^^ 


r 7 1 "^7 T — r 






ro T3^1 TT O 




^ _i TT O 

- 2^aa^^ab^b , 


fiv/rA /"v 1 1 /-V 


ri\/rA /-V 1 






[M^Q^] 


1 J 

- 2^abQb , 












= 2'^ibQb , 


[M^^Qa]=-^<iQ6, 













while the purely bosonic ones are the same as in (C.6) 



Appendix D. Some worldsheet results 

Appendix D.l. Integrals 

The following useful integrals, are extensively used in Section [4] 



(a- 


- w){a 






d^a 




{a- 








d^a 




{a- 


w)(cr - 






d^a 





27rln|z- , (D.l) 

(D.2) 



27r 
z—w 



27r 
z—w 



(D.3) 



S'Trl-fW , (D.4) 
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Appendix D.2. Action from BRST invariance 

Using the fact that (AB) ^ only for Af^Ur and B e Tii-r, r = 0, . . . , 3 
|76| . the most general matter part which has a global symmetry under left 
multiplication by elements of G and is invariant under the gauge symmetry 
g ~ gh, where ft, e iJ, is 

J (fz{aJ2J2 + PJih + 1J3J1 + SJ3d + eJid - fdd) , 

where we used the Lie-algebra valued field d, d defined by d = darj°"^'Ta, d = 
da'ri°"^Ta and / is the RR-flux. While in flat background the d's are composite 
fields, in curved backgrounds they can be treated as independent fields. 

The pure spinor part includes the kinetic terms {wdX) and (wdX) for the 
pure spinor /37-systems. Since these terms are not gauge invariant, they must 
be accompanied by terms coupling the pure spinor gauge generators with the 
matter gauge currents {NJq + NJq) in order to compensate. The backgrounds 
we are considering also require additional terms which must be gauge invariant 
under the pure spinor gauge transformation of w and li and hence must be 
expressed in terms of the Lorentz currents and the ghost currents Jgfi = (wX) 
and Jgfi ~ (wX). The additional term required is (NN). 

Therefore the sigma-model is of the form 

Jd^z{aJ2J2+PJiJ3+lJ3Ji+SJ3d + eJid~ fdd+ (D.5) 
+ wdX + wdX + NJo + NJo + aNN) 

and the accompanying BRST-like operator is 

Qb ^ j> {dzXd - dzXd) . (D.6) 
By integrating out d and d and redefining 7 — ?> 7 + y one gets 
S = J d^z{aJ2J2 + PJ1J3 + 1J3J1 + wdX + wdX + NJq + NJq + aNN) 

(D.7) 
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After rescaling A jA, w -> |w, A -> jA, w — ^ jw the BRST currents are 



js ^ (Ad) = (AJ3) and js = (Ad) = (AJi). The BRST charge ( |D.6[ ) now reads 

Qb ~ <j> {dzXJs + dzXJi) . 

The coefRcients of the various terms wiU be determined by requiring the 
action to be BRST invariant, i.e. the BRST currents are holoniorphic and the 
corresponding charge is nilpotent. 



From the action (D.7) we derive the following equations of motion 



(/3 + 7)VJ3 = (2/3 - a)[Ji, J2] + (a + /3 - 7)[J2, Ji] + [N, J3] + [N, J3] , 
(/3 + 7)VJi = (a - 2/?)[J2, J3] + (7 - « - /3)[J3, J2] + [N, Ji] + [/V, Ji] , 
VA = -a[7V, A] , VA = -a[N, A] . 

After one takes into account that [N, A] = because of the pure spinor condition 
{A, A} — 0, requiring djB = leads to the equations 

/3 + 7 = l, a = 2(3, q; + /3 = 7, a = -l, 

whose solution is 

1^1 3 
With this solution it is easy to check that 

which again vanishes because of the constraint {A, A} = 0. The proof of the 
nilpotence of the BRST charge then follows. 
Hence the pure spinor sigma-model is 

5 = y Szl^-J^h + + ^■^3^1 + w9A + wd\ + NJq + iVJo - NN 

for all dimensions and this of course matches the critical case as well. 
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Appendix D.3. Ghost number one cohomology 

In this appendix we will study the BRST cohomology at ghost number one 



and prove two facts. First we will prove the claim made in Scction [4.4.2| that the 
classical BRST cohomology of integrated vertex operators / d?z{0')}'g) at ghost 
number one is empty. Seconly we will prove the claim in Section |4.4.3 that the 



BRST cohomology for conserved charges at ghost number one is empty. 

The most general ghost number one gauge-invariant integrated vertex oper- 
ator is 

(aiJ2[J3,eA]+aiJ2[Ji,eA]-Ha2J2[Ji,eA] 4-02^2(^3, A] (D.8) 
+azJz[N,e\] +a:iJi[N, eA] -I- 04 J3V(eA) + 04 JiV(eA)) , 

where we have written all the independent terms up to integrating by parts 



on the Maurer-Cartan equations. The BRST variation of the operator (D.8 1 
consists of three different kind of terms 

^'Q{0^zh ^^1+^2+^3 + e.o.m.'s -I- puregauge, 

where we have omitted terms proportional to the ghost equations of motion and 
to the gauge transformations parameterized by {A, A}. We have to impose that 
the three terms 17^ vanish separately. The first term is 

VLi = (03 +ai-a3- a4)(V(eA)V(e'A)), 

so we demand 

03 +^4 = 03 + ^4. (D.9) 

Imposing the vanishing of the second term 

^^2 = ((ai - ai + as -I- 04 - fla - a4)[J3,eA] -I- (02 - a2)[J3, e'A][Ji, eA(|D.10) 
+ {ai -ai+a2 - a2)[J2, e'A][J2, eA]), 

we find the additional conditions 

ai = ai, a2 = 0,2- (D.ll) 
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Finally, the third term reads 

f^3= ((a2 + ai)[Ji,e'A][Ji,eA] + (ai+a2)[J3,eA][J3,e'A] (D.12) 
-a4 [ J3, eA] [ J3, e'A] ~ 04 [ Ji , eA] [ Ji , e'A]) . 

If we expand on the supergroup generators, the first term on the right hand side 
is proportional to A"A''([T5, T„] [Tp, T^]), where we summarized with a greek 
letter the various spinor properties of the supercharges and the pure spinors 
in the various dimensions. Due to the supersymmetry algebra, the term inside 
the supertrace is proportional to {'y'^)sa{'ya)pp- Since the product of two pure 
spinors is proportional to the middle dimensional form therefore the 



terms in (D.12) are all proportional to 'ya^ai...a„^^^ ^^^^ ^-j-^jg expression vanishes 
due to the properties of the gamma matrix algebra. We find that ils = 
identically. As a result, imposing that / is BRST closed requires that 



the coefficients ai,ai satisfy (D.9| and ( |D.ll ) 



On the other hand, the following operator 

= -a2J2J2 + {ai~a2)JiJ3 + {a3-a4, + a2-ai)NN (D.13) 
+ (04 + ai — a2)wVA + (04 + ai — a2)wVA, 

is such that 

so the cohomology for integrated vertex operators at ghost number one is empty. 

Appendix D.4- Background field expansion 

In this Appendix we collect the extra terms in the background field expansion 
of the action, that depend on two background currents but do not contribute 
to the beta function. It contains the terms in the action for the matter fields 
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where the grading of the two background currents does not sum up to zero 



'^[J2,X2][Xi, J3] — i[^2,-'^l][-'^2, J3 



- 1 [ J3 , X2] [Xi , J2] + I [ J3 , ^1] [X2 , J2 



§['^2, -'^3] [-'^2, Jl] + ^[J2,X2][X3, Ji] 
[Jl,X3][X2,J2]-|[Jl,X2][X3,J2]) 



There are contribution from the action for ghosts as weh 



J Str{i7V(o)([[Jl,X2] + [J2,Xi],Xi] + [[Ji,Xi] + [J3,X3],X2] 
+ [[J2,X3] + [J3,^2],^3]) + i/^(0)([[Jl,^2] + [J2,Xi],Xi] 
+ [[Jl,Xi] + [J3,X3],X2] + [[J2,X3] + [J3,X2],X3]) 
+7V(1) ([Jl,X3] + [J2,X2] + [J3,Xi]) +7V(i) ([Ji,X3] + [J2,X2] + [J3,^l])} 

These term would give rise to counterterms in the effective action that would not 
be gauge invariant and one can show that such terms are all zero at one-loop. 



Appendix D. 5. OPE 

Consider the OPE of with itself. We expand it in background currents 



plus quantmn fluctuations as in (1231 and evaluate the OPE (170). The first 



term on the r.h.s. is (1701, which in this case reads 



{dX%z)dX\Q)) = dX'^{z)dX^{))- (D.14) 
~dX'^{z)dX\Q) f d^<jStr^(N^a)[dX2,X2]+ N^o)[dX2,X2]) 



+iv;;;(i(a)(,7''V 



1 



<5(2)(w-(7) 



Now we can expand N(a) and N{(7) around a = z or a = w and perform the 



integrals (D.l), arriving at the final result (171) 
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Appendix D. 6. Conservation of b 



Let us rewrite ( 246 1 in the convenient form 



(AA) 



Since the h antighost is a Lorentz scalar, we have that dh = Vfe and 



V6: 



Aq, 

(aI), 



1 



-T^MTJ^l + ^{l''^n)^laJi) ) + ^VG" . (D.15) 



Aq 



Let us look at the second term in (D.15). By using the equations of motion 



(112) and the Maurer-Cartan equations (96) we find 

Aq 



(AA) 



-VG° 



ho 



W{1 - K)-fabJi]]N-'' 



where the subscript indicates the number of w's and w's present in each term. 
The term is proportional to ri[ab][cd]^°'^ {■^l'^'^) a which vanishes on the pure 
spinor constraint. 

Let us show that V6 is BRST exact. Consider the operator O of weight 
(2, 1), defined as the coefficient of the single pole in the OPE of the hatted and 
unhatted antighosts 



b{z,z)b{0) 



(D.16) 



Since {Q, b} = T and {Q, b} = 0, by applying Q to (D.16) we conclude that 

{Q,0} = V&. 



(D.17) 



Since the pure spinor superstring in AdSs x is an interacting two-dimensional 



conformal field theory, the OPE (D.16 1 has to be computed in the worldsheet 
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perturbation theory. We are only interested in the leading order result that we 
obtain using the tree level algebra of OPE's between the left invariant currents 
(fml). One finds 



= Ao + A^ + A^^, (D.18) 

where 

+ {-JSi^JsKhaJs) + J|(AJ3)(A7aJ3)) , (D.19) 

Aro = J^{U^lalenbX)J^4N-f - 2 ( A7a Jl ) ( A76 Js)^^"') 

+ [wr{l - K).h]{X-(aJi) - 2(AJ3)(u;i^Ji)) , (D.20) 

A^^= ^[w{l-K)j,f{l-K)w]N-f . (D.21) 
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